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Abstract 
This paper examines the ability of power Voronoi diagram assisted simulation in 

microstructure modeling during heat treatment. A model is developed for predicting 

fraction of austenite evolved during continuous heating of steel to austenite range, by 

integrating geometrical features of power Voronoi diagram and classical nucleation 

theory. From the simulation results, it is possible to predict the transformed fraction. 

The simulation results are validated using experiments conducted on two varieties of 

steels. The maximum error obtained is 2.08%. Thus, power Voronoi assisted simulation 

can be considered as an effective tool in modeling microstructure evolution during 

austenitization. 
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Introduction 
Knowledge about evolved microstructure during heat treatment is essential for 

the cost-effective development of materials with desired properties. The crystalline 

aggregates of different phases constitute the microstructure of the steel. The amount of 

phases present in the final structure determines the mechanical properties. Hence, it is 

crucial to determine the fraction of the evolved phase during heat treatment. In the 

classical approach, the expression for the transformed fraction is calculated assuming 

equal probability for nucleation of the product phase in the structure [1-6]. In actual 

practice, the probability of nucleation, nucleation rate, and growth rate will depend on 

the structure of the material used.  A modular approach transformation kinetics is also 

available, which considers separate models for nucleation, growth and impingement of 

new phases both in isothermal and an-isothermal cases [7-9]. Caballero et al. [10] 

proposed a model of ferrite-austenite phase transformation from various initial 

microstructure. 
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Apart from phase fraction, mesoscale detailed microstructure characters like 

grain size, grain distribution, and grain shape have an influence on materials properties 

[11]. The complex spatial and temporal microstructure topology evolving during solid-

state phase transformation has been modeled by various techniques, including the 

Vertex method and Montecarlo model [12-14]. Some other popular methods for 

microstructure simulation are the phase-field model [15-17] and cellular automata [18-

20]. The finite element method is another important method widely used to simulate 

microstructural changes during heat treatment [21]. Software like DEFORM, CODE 

ASTER, etc. are also available. 

The reliability of computer-assisted micro-mechanical analysis depends on 

accuracy in inputting microstructure properties. Modeling of microstructure from 

optical micrographs or SEM images is one method. Voronoi diagram is widely used for 

developing a statistically similar microstructure [23] from SEM or optical microscope 

images. Many reports are available in the literature, regarding the effectiveness of 

Voronoi algorithm-based microstructure development [23-27]. Voronoi diagram is a 

technique for partitioning n-dimensional Euclidean space.  If a finite number of distinct 

points is given in a continuous space, each point in space can be associated with any of 

the given points based on some criteria. If the region is divided in such a way that the 

distance from the given point to the point under consideration is minimum, the result 

will be the Voronoi diagram [22]. 

Mathematical models of heat treatment operations provide an attractive tool for 

analyzing and optimizing heat treatment procedures [21]. Heat treatment of steel 

generally consists of heating above the austenitization temperature, holding period, and 

cooling. Heating steel from normal temperature to austenite region is known as 

austenitization. Re-crystallization of austenite has great influence on the microstructure 

of the steel. The formation of austenite follows the general rules of solid-state phase 

transformation; it is accomplished through nucleation and growth [21]. Publications 

describing the underlying mechanism of austenite transformations including the kinetics 

of austenite transformation, transformations from various initial microstructures, stages 

of nucleation, growth, and velocities of different interfaces, are available in the 

literature [28-34]. 

This work is an attempt to simulate microstructure evolution during continuous 

heating to austenite range, using the power Voronoi diagram. Geometrical properties of 

power Voronoi diagram is incorporated with classical nucleation theory to simulate 

evolved microstructure during austenitization and thus to predict the transformation 

kinetics. The power Voronoi diagram is a special case of weighted Voronoi diagrams. It 

is generated using additively weighted power distance or simply power distance. It is 

characterized by the weighted distance given by   0,
2

>WWXX=)P(Pd iiiji,aw −−

[22].The simulation was done using MATLAB.From the results, it is possible to 

calculate the fraction of austenite formed. The simulated microstructure at various 

temperatures is validated against experimental results. 

Materials and methods 
In this work, a model to describe ferrite + pearlite to austenite transformation 

during continuous heating is formulated using the Power Voronoi diagram. The model 

validation is done using micrographs obtained at various temperatures. 
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Computational model 

The materials used in this work are C35 and C22; its composition is given in table 

1. 

Table 1. Material composition in weight percentage. 

Material C Mn Si Cu Cr Ni Mo Sn P S 

C35 0.364 0.656 0.305 0.226 0.177 0.092 0.016 0.017 0.014 0.021 

C22 0.214 0.513 0.200 0.086 0.021 0.049 0.003 0.003 0.019 0.031 

 

Austenitisation progresses in two simultaneous processes- nucleation and growth 

[21]. 

Nucleation 
The difference in Gibb's free energy between the parent phase and the final phase 

is the driving force for phase transformation. When the difference in free energy is 

subsequently high, a small volume of product phase called nuclei will form, and later it 

will grow. According to classical nucleation theory (CNT), driving pressure for 

nucleation is the decrease in Gibb's free energy per unit volume. The difference in 

Gibb's free energy depends on chemical composition, temperature, and many other 

factors. Under conditions of homogeneous nucleation, austenite grain nucleation 

intensity (I) can be defined as a function of temperature [21] as 

 1 

where 

C is a constant 

W - Critical nucleation work, J 

T –Temperature, K 

QD - Activation energy of diffusion, J 

k -Boltzmann constant (1.38x10-23 J/K) 

Critical nucleation work can be represented by [33] 

 2 

Where 

A is a constant 

σ is the energy of austenite ferrite interface per unit area 

Δgv is the difference in Gibb's free energy between ferrite and austenite (J)  

 

The nucleus volume can be given as zvR3 where zv is a geometrical parameter 

depends on shape of nucleus and R is the nucleus dimension. The interface area is given 

by zAR2.The critical radius R* is defined by value of R when W is maximum and is 

given by [34] 
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 3 

The corresponding activation energy for nucleation  

 4 

With 

 5 

Nucleation intensity in m-3s-1(I) can be calculated using the following equation 

[35] 

2
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where 

N is the nucleation rate 

fα- already transformed fraction  

k- Boltzman constant 1.38 x10-23J/K 

h - Planks constant 6.626x10-34J/s 

T-the temperature in K 

Qd- activation energy of diffusion in J 

ψ factor represents the energy balance between the energy required for the formation of 

new interface and energy released due to the removal of the old interface. 

Δgv is the difference in Gibb's free energy between the parent phase and product phase 

 

The values of ψ and Qdwere taken as 5x10-8J3/m6 and 4.72x10-19J as reported by 

Offerman et al. [35]. Δgvat different temperatures were calculated using the following 

equations [34] 
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where  

(for ferrite) 

𝐺𝐹𝑒
0 = 1224.83 + 124.134𝑇 − 23.5143𝑇 𝑙𝑛( 𝑇) − 0.00439752𝑇2

− 5.89269𝑥10−8𝑇3 + 77358.5𝑇−1 +
1

1 − 𝑦
𝐺𝑚𝑎𝑔 + 𝐻𝐹𝑒
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for Austenite 

𝐺𝐹𝑒
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1
c

a
=

 

Where Tc is the curie temperature of ferrite 1043K and 

𝐺𝑔𝑟𝑎𝑝ℎ𝑖𝑡𝑒
0 = −17369 + 170.73𝑇 − 24.3𝑇 𝑙𝑛( 𝑇) − 4.723𝑥10−4𝑇2 + 2562600𝑇−1
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x is the atom fraction of C in Fe-C alloy 

Growth 
The velocity of the austenite interface in the pearlite region and ferrite region 

needed to be determined to incorporate growth kinetics in the model. The average 

velocity of austenite interface in the perlite colony was calculated by considering 

diffusion kinetics of carbon in austenite. For the typical value of lamellar spacing L=0.5 

μm in pearlite, the growth rate was estimated as 1.4 μm/s [37, 38]. The interface 

velocity in the ferrite region can be calculated as [37, 38] 

eq eqC C

dz J

dt x x




 

=
−

 9 

where 

Zγα is the carbon diffusion distance from the source of carbon to the austenite nucleus.  

Jα flux of carbon atoms 

eqC
x and

eqC
x are the para-equilibrium carbon concentrations. 

Taking average distance equal to 30μm the austenite-ferrite interface velocity can 

be calculated as 0.03 μm/s [37, 38]. 

Formulation of austenite formation  
Austenitisation is happening in two stages, nucleation and growth. By identifying 

the number of nuclei formed at different temperatures and growth rates, it is possible to 

simulate microstructure using the power Voronoi diagram. In this work, the simulation 

was done on a 200x200 μm2 space. Classical nucleation theory was used to determine 

the number of nuclei formed at each temperature. The probability of nucleation in 

pearlite and ferrite interface is taken as seven times greater than in the internal perlite 
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region based on the activation energy [19]. From equation (6) the nucleation rate in 

μm2s-1 (I) at various temperatures was calculated. The activation energy (QD) for 

diffusion in C35 steel is calculated as 4.72x10-19 J [35]. Offerman et al. experimentally 

determined ψ [35] as 5x10-8J3/m6. The difference in Gibb's free energy (Δgv), at various 

temperatures, was calculated using equations 7 and 8 described in the previous section. 

In equation (8) c/ value was taken as 3 [35] and atom fraction of C in Fe-C was 

calculated as 0.214. The growth rate for austenite in the pearlite region and ferrite 

region was taken as described in section 2.3. 

During heating, nuclei of austenite were formed in the parent structure and they 

started growing.  The microstructure after heating depends on the position and time of 

the birth of product nuclei. With the increase in time available for growth, the grain size 

increases. These aspects incorporated in power Voronoi diagram construction. Power 

Voronoi diagram was used to predict the microstructure during heating to austenite 

range. The input requirements of the power Voronoi diagram are the position of each 

point (nucleus) and weight. In each time step, depending upon the temperature, numbers 

of nuclei were formed. The position of each nucleus determined randomly. Constraints 

are applied to limit the number of nuclei in each region based on probability. The 

weight of each nucleus was taken as the time available for the growth. Using this 

position and weight, power Voronoi diagram was constructed. The simulation was done 

using MATLAB. Already available MALAB codes were used for the construction of 

the power Voronoi diagram. 

Algorithm 
At time zero, generate n initial points. n is the total number of grains in the initial 

microstructure. Save the coordinates of points in an array and assume its weight as zero. 

Input heating rate, heating duration, maximum temperature, and growth rates of product 

phases.  

Step1: Increase time by one-step; update temperature based on the heating rate. 

Check whether the temperature reached the maximum; if yes, go to step5. Check 

whether the temperature falls in the austenite formation region. If yes, generate m 

number of product nuclei. Otherwise, go to step 4.  

Step2: Check the position of each nucleus. Based on the initial microstructure, 

determine the region in which each nucleus falls. Check (a) any product nuclei coincide 

with parent nuclei; if yes, delete parent nuclei (b) any product nuclei coincide with 

product nuclei, delete newly generated product nuclei. (c) Check any newly generated 

product nuclei falls in the influence region of old product nuclei if so, delete newly 

generated product nuclei. 

Step3: Update the matrix by eliminating the deleted nuclei and adding the 

product nuclei. Assign weight corresponding to the birth time and velocity to each 

product nuclei. 

Step4: Check whether time reaches heating duration; if no, go to step 1.; if yes, 

go to step 6.  

Step5: Check any parent nucleus was in the influence region of product nuclei. If 

yes, delete parent nuclei. Update matrix. Check whether time reaches heating duration. 

If no, go to step 1. If yes, go to step6. 

Step6: Draw power Voronoi diagram using the nuclei as generated points and 

corresponding weights. 
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Step7: Calculate the area of Voronoi polygon for generator points with non-zero 

weights. 

Step8: Divide this value with the total area. Gives the fraction of austenite 

formed. 

Simulation results 
Micrographs of C35 and C22 steel at room temperature were read to MATLAB 

in order to determine the ferrite and pearlite regions in the initial microstructure. Figure 

1(a) represents the microstructure of C22 and 1(b) represents the microstructure of C35 

steels with 50x magnification at room temperature. Based on the pixel, pearlite and 

ferrite regions were identified. Simulations were run for temperatures 760 and 775 °C 

for two different heating rates 3 °C/min and 5 °C/min. The resultant microstructure is 

shown in figure 2. In order to minimize error, the transformed fraction was taken as the 

average result obtained from fifty simulation runs in each case. The simulation results 

were shown in figure 2 and the calculated fraction is tabulated in Table 2. 

 

C22   (b) C35 

Fig.1. Initial microstructure of C22 and C35, 50x magnification. 

 

Table 2. Austenite fraction at various temperatures – simulation results. 

Heating rate  Temperature Material 

C22 C35 

3 °C/min 760 0.59 0.6 

775 0.75 0.76 

5 °C/min 760 0.48 0.49 

775 0.658 0.71 
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Fig. 2. Simulated microstructure of C22 and C35 at different temperatures (a) -(d) C22 

and (e)-(h) C35. 

Experimental results and Validation 
In order to validate the model, the following experimental procedure was used. 

Two varieties of steels were heated to two different temperatures, using two different 

heating rates. Specimens were water quenched, and a fraction of phases present in it was 

calculated analyzing optical microscope images. Obtained phase fractions were 

compared with the phase fraction calculated from the simulated results. The alloys used 

in the experiment are C35 and C22. Details of composition are shown in table 1. The 

ferrite and pearlite in the initial microstructure of C35 and C22 steels consist of 58% 

and 42%, and 73% and 27% respectively. The samples were heated to 760 °C and 775 

°C with a heating rate of 3 °C/min and 5 °C/min. They were taken out and water 

quenched. Each specimen was ground, polished using a diamond paste, and then etched 

with a 4% Nital solution. Micrographs of specimens, heat-treated and at room 

temperature were taken. The micrographs at each temperature are presented in figure 2. 

The transformed fraction at each temperature was evaluated from the micrographs. The 

micrographs at each temperature were processed using an open-source software ImageJ 

(39). Image segmentation was done to evaluate the fraction of phases present in the 

specimens. The process followed the procedure published by Gupta et al. [40] which 

includes histogram equalization, Otsu thresholding, dilation, SLIC segmentation, SLIC 

thresholding, phase masking, SLIC closing morphology and phase segmentation. Phase 

fraction obtained is represented in table 3.  
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Table 3. Austenite fraction at various temperatures. 

Heating rate  Temperature Material 

C22 C35 

3 °C/min 760 0.6 0.61 

775 0.75 0.75 

5 °C/min 760 0.49 0.48 

775 0.65 0.70 

 

Fig. 3. Micrographs of C22 and C35 at different temperatures after processing (a) -(d) 

C22 and (e)-(h) C35, 50x magnification. 

The fraction of austenite at each temperature, obtained from the experimental 

results, was compared with phase fraction calculated from simulation results. 

Percentage error between the austenite fraction calculated from simulation and obtained 

from the experiment, corresponding to each temperature, each material and for each 

heating rate is shown in table 4. 

Table 4. Percentage error between simulated and experimentally calculated austenite 

fraction. 

Heating 

rate 
Temperature 

% Error between simulated and experimental results 

Material 

C22 C35 

3°C/min 760 1.67 1.64 

775 0 -1.33 

5°C/min 760 2.04 -2.08 

775 -1.23 -1.43 
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In the case of C22 steel, the simulated results have good agreement with 

experimental results. For 3 °C/min and 5 °C/min heating rates, error values are 1.67%, 

0, 2.04% and -1.23%. The maximum deviation is 2.04%. In the case of C35 steel, also 

the maximum error is -2.08%. From the results, it is obvious that a power Voronoi 

diagram is an efficient tool for predicting transformation kinetics during austenitization. 

Other parameters like grain size, grain distribution and grain shape etc. need to be 

analyzed further to explore the capabilities of power Voronoi modeling in the field of 

prediction of microstructure evolution during heat treatment.  

Conclusion 
Simulation of microstructure evolution during continuous heating to austenite 

range was done with the help of the power Voronoi diagram. Classical nucleation theory 

was used to calculate the rate of nucleation at different temperatures. From the results, it 

was possible to predict the fraction of austenite in the structure at each temperature. The 

simulation results were validated against experimental results. For that, two varieties of 

steels were heated to the austenite region at different heating rates, followed by 

quenching. Optical micrographs thus obtained were analyzed to identify the austenite 

fraction before quenching. Obtained results were compared with the simulation results. 

It is clear that transformed fraction can be predicted with greater than 97% accuracy in 

all cases. Thus, power Voronoi Simulation can be considered as an efficient tool for 

predicting the evolution of microstructure during austenitization. 
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