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Abstract 
The two-dimensional numerical investigation is well accomplished to understand 

the behavior of buoyancy-driven flow in closed annular space. The studied domain 

consists of a pair of equal-sized circular cylinders in tandem arrangement confined in a 

circular enclosure which is filled with incompressible Newtonian fluid. The inner 

cylinders are identical in size and they are supposed to be hot with constant temperature, 

the outer circular enclosure is kept cold with a constant temperature. The descriptive 

governing equations of continuity, momentum and energy for the present problem are 

solved numerically using the finite-volume method. The present research studies the 

effects of thermal buoyancy strength, the thermophysical characteristics of the fluid, and 

the size of the inner cylinders on the flow patterns inside the circular domain and rate of 

heat transfer exchanging between the inner cylinders and fluid flow. The results showed 

that the studied governing parameters significantly affect the fluid flow and heat transfer 

rate. An increase in the diameter of inner cylinders makes the effect of buoyancy strength 

on fluid flow and heat transfer negligible for all values of thermo-physical parameters. 

Also, the average Nusselt number of each inner cylinder is computed and plotted for 

industrial applications.  

 

Keywords: buoyancy-driven flown; natural convection; annular space; two 

circular cylinders; steady flow; heat transfer; incompressible fluid.  

Introduction 
Many research efforts have been oriented directly to study the natural convection 

heat transfer from a single as well as multiple cylinders in different arrangements. This is 

due to the wide presence of this mechanism of heat transfer in many industrial 

applications such as chemical processes, heat exchangers, nuclear reactors, cooling 

towers, metallurgies, refineries. When the natural convection occurs between two 
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enclosed cylinders is usually called an annular system [1–3]. Some numerical and 

experimental works studied the geometrical configurations of the horizontal annulus, the 

thermophysical parameters of fluid and the strength of thermal buoyancy [4–8]. The 

previous researches in this field showed that the thermophysical characteristics of the 

fluids are controlled by a dimensionless number called Prandtl number [9, 10]; for 

example, the Prandtl number corresponding to the air is 0.71, water is 7.01 and for certain 

kinds of polymers are 50 and 100. Indeed, for the natural convection mechanism, the hot 

parts of fluid particles become lighter due to the decrease of their density and accordingly, 

these parts of fluid move upwardly. Generally, the Bousinesq approach is used to 

modulate the intensity of natural convection. The dimensional number of Rayleigh is used 

to control the strength of buoyancy-driven flow [11–12]. For natural convection heat 

transfer from one confined circular cylinder, Hussein [13] studied the effect of walls of 

outer square enclosure on the flow patterns and heat transfer. At the end of the work, it 

was concluded that by moving the cylinder downwardly enhances the heat transfer rate. 

Matin and Khan [14] numerically investigated the effects of thermal buoyancy on the 

non-Newtonian power-law fluid within two horizontal cylinders of circular cross-section. 

The results are presented and discussed for the range of these limited conditions: Rayleigh 

number Ra = 103 to 105, Prandtl number Pr = 10 to 100. At fixed geometrical 

configuration. It was concluded that the Prandtl number has a limited effect on heat 

transfer when it is above the value 10.  Abu-Nada et al. [15] studied the effect volume 

fraction of nanoparticles on natural convection heat transfer within two concentric 

cylinders. The obtained result has proofed that the nanoparticles on fluid enhance the heat 

transfer rated. Tayebi et al. [16] changed the cross-sectional form of the annulus from 

circular to elliptical. Nasiri et al. [17] introduced the effect of the eccentric cylinder on 

buoyancy-driven flow. El-Maghlany et al. [18] numerically studied the effects of thermal 

buoyancy and the rotational movement of the inner cylinder on the fluid flow and heat 

transfer in annular space. Both cylinder's inner and outer are circular cross-section. The 

work also examined the eccentricity arrangement of the inner cylinder. Kefayati and Tang 

[19] carried out numerical research on the elliptical cylinder in a square enclosure. The 

researchers tested the effect of the geometrical form of the cylinder on the natural 

convection heat transfer. In other and, for multiple cylinders inside the annular space, Aly 

[20] numerically investigated the natural convection on nanofluids inside a square 

enclosure with two heated circular cylinders. The computational domain is considered 

porous. The cylinders are placed in a tandem arrangement based on the flow direction.  

Pandey et al. [21] examined the natural convection heat transfer from multiple cylinders 

of different cross-sections which are confined in a square enclosure. 

On the whole, the research touched the influences of Rayleigh number, Prandtl 

number and the geometrical configurations on the fluid patterns and heat transfer rate.  

Ragui et al. [22] provided a numerical investigation of natural convection from multiple 

square cylinders confined inside a square enclosure; the work studied the effect of the 

Rayleigh number and the geometrical arrangements of the cylinder on the heat transfer 

rate which is quantified by the Nusselt number. The work is fixed merely for Pr = 7.  

From the global analyzes of this research dimension, it can be observed that there 

is no prior work examined the laminar natural convection from two heated circular 

cylinders inside a cold circular enclose. Therefore, our effort is devoted to giving insights 

about that. On the whole, the present work is a numerical investigation of buoyancy-

driven flows from two heated circular cylinders that are placed in a cold circular 
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enclosure. The research examines the effects of thermal buoyancy strength (for Ra = 103 

to 105), the Prandtl number (Pr = 0.71 to 100) and the diameter of inner cylinders on the 

flow patterns and their impact on heat transfer.    

Geometrical presentation of the present problem 
The present geometry is schematically illustrated in Fig. 1. It is a circular enclosure 

of diameter (H) in which two circular cylinders of diameter (d) are placed in a tandem 

arrangement in the middle. The center of each inner cylinder is in the middle of the half 

part of the outer enclosure. This situation obligates that the gap distance between the inner 

cylinders must be S = 0.5H. The diameters of inner and outer cylinders define the ratio 

d/H = 0.2, 0.3 and 0.4. The initial conditions of the investigation are that the inner 

cylinders are maintained heated with constant temperature (Th), and the surface of the 

outer enclosure is kept cold with constant temperature (Tc). The annular space between 

cylinders is filled with incompressible Newtonian fluid.     

 

Fig.1. Schematic of present studied geometry.  

Governing equations and boundary conditions 
The present investigation is considered for laminar and steady-state flow. The 

governing equations of continuity, momentum, and energy are solved in two-dimensions 

in a Cartesian coordinate system. The effect of temperature on momentum is treated 

concerning Boussinesq approximation. The partial differential equations of present 

physical problem are written in dimensionless form as: 
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where Ra and Pr are the Rayleigh and Prandtl numbers. These numbers are expressed as 

follows:  
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The variables of velocity components (u), (v), pressure (p), and temperature (T) 

shown in the governing equations are written in dimensionless form by the following 

changes:  
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The thermophysical characteristics of the fluids used for present investigation are 

denoted by following Greek letters the fluid density is ρ, kinematic viscosity is ν, thermal 

diffusivity is α, and the expansion coefficient is β. Where g is the acceleration gravitation. 

The local and average values of Nusselt number on the surface of inner cylinders 

are computed based on the following expressions respectively:   
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where n and s are the directions normal to the wall and the length of the inner cylinder 

surface. 

The suitable boundary conditions for present geometry are:  

On the surfaces of inner cylinders; heated surfaces with no-slip boundary layer as: 

0, 0, 1u v T• • •= = =  9 
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On the surface of the outer cylinder: a cold surface with no-slip boundary layer as: 

0, 0, 0u v T• • •= = =  10 

Numerical methodology and validation test 
The partial differential equations of continuity, momentum, and energy are solved 

numerically by using the package called ANSYS-CFX.  The present software employs 

the numerical finite-volume method to transform the governing equations into a system 

of the discrete algebraic system under the form of a matrix. The convective terms of the 

algebraic system are solved by using High resolution discretization scheme. For velocity-

pressure coupling, the numerical algorithm of SIMPLEC (Semi-Implicit Method for 

Pressure-Linked Equations-Consistent) is used for that reason. The convergence criteria 

describing the relative error of governing equations are considered 10-8 for the discretized 

continuity and momentum equations and 10-6 for the discretized energy equation. The 

software Gambit is also used for the creation of geometries with a comfortable grid. Fig. 

2 shows one case of the grid for ratio d/H = 0.3. For all considered cases, the grid is 

generated with unstructured mesh with non-uniform concentrations of cellular elements. 

The elements are consecrated around the inner cylinders. Table 1 summarizes the cellular 

elements of each geometry with respect to the value of ratio d/H. these elements are 

selected after a satisfactory study of grid independency test which is not reported here for 

the sake of brevity.  

For any computational investigation, it is necessary to prove the accuracy of the 

numerical methodology. For that reason, we have repeated the same investigations of 

Kuehn and Goldstein [23] and Matin and Khan [14]. The first one is experimental and 

the second is numerical. The comparison test is about the natural convection between two 

concentric cylinders of circular cross-section. Fig. 3 shows a comparison between the 

present and prior results. A good agreement is seen between all results. 

 

Fig. 3. Grid used for present work. 
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Table1. The grid elements for each geometry.  

Case d/H = 0.2 d/H = 0.3 d/H = 0.4 

Elements 106496 117152 80572 

 

 

Fig. 3. Comparison of average Nusselt number for concentric annulus of RR = 2.5 and 

Pr = 1.  

Results and discussion  
The present work is devoted to understanding the effects of Rayleigh number  

(Ra = 103 to 105), Prandtl number (Pr = 0.71 to 100) and the diameter of inner cylinders 

(d/H = 0.2, 0.3 and 0.4) on laminar natural convection from tow circular cylinder in 

tandem arrangement confined in a circular enclosure. The main results are shown in terms 

of representative streamlines and isotherms to predict the evolutions of flow patterns and 

temperature distributions under the progressive change of the above governing 

parameters. Also, this section represents the evolutions of the dimensionless velocity 

component and dimensionless temperature along the vertical and horizontal middle of the 

entire enclosure. The quantities values of the average Nusselt number of both cylinders 

are also calculated and presented.  

Fig. 4 shows the effects of studied parameters (d/H, Ra, and Pr) on the streamline 

contours. Fig.4 (a) is for d/H = 0.2, 0.3 and 0.4 and for Ra = 103 to 105 at fixed Pr = 7.01. 

Fig. 4 (b) is for the same parameters but Pr = 50. It is clear that for all cases, the 

streamlines are perfectly symmetric concerning the vertical line (y = 0). This confirms 

that the effect of thermal buoyancy on fluid flow for studied parameters generates only 

steady-state phenomena. Under the effect of thermal buoyancy, the fluid particles are in 

the vicinity of inner hot cylinders become lighter and they move up toward the cold 

surface of the outer enclosure. Concurrently, the fluid particles are beside the cold outer 

recipient become heavier and then move down due to gravitational force. As a 

consequence, a rotating flow appears inside the annular space of the domain as it is 

depicted in Fig. 4.  The center of the counter-rotating flow is in the middle of half side of 

space for Ra = 103 and when we increase the value from Ra = 103 to 105 the center of 
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rotating flow moves toward the side of hot cylinders. The displacement of the 

recirculation center, toward the center between the cylinders, changes the shape of the 

recirculation zone from a circular shape to a stretched circular shape. Also, for d/H = 0.2, 

the increase in Ra number creates a small counter-rotating next to the outer cylinder. 

Globally, it can be remarked that increases in the value of Rayleigh number increase the 

intensity of flow inside a domain and this because by increasing Rayleigh number the 

effect of thermal buoyancy becomes significant and the flow velocity increases. 

Accordingly, the inertia of the flow becomes very remarkable. In another hand, it is seen 

that for each ratio d/H increase in Prandtl number makes the flow more stable and this 

effect can be explained as when the Prandtl number of fluid was increased that means the 

kinematic viscosity becomes more pronounced and according to the flow is more stable. 

It is also observed that an increase in the ratio d/H makes the flow more stable. 

Furthermore, the increase in the diameter of inner cylinders makes the effects of Rayleigh 

and Prandtl numbers almost negligible.  
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(b) 

 

 

d/H = 0.2 

   

 

 

 

 

d/H = 0.3 

   
 

 

 

 

d/H = 0.4 

   
 

           Ra = 103           Ra = 104            Ra = 105 

Fig. 4. Streamlines for different values of d/H and Ra, (a) at Pr = 7.01, (b) at Pr = 50. 

In order to justify the explanations of streamline contours, Fig. 5 depicts the 

variation of velocity profiles along the y-direction for (x = 0) versus Rayleigh number at 

Pr = 50 for different values of d/H. it is clear that for all values of d/H, an increase in 

Rayleigh number increases the velocity component. Also, an increase in the diameter of 

inner cylinders reduces the velocity of the flow along the y-direction. 
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Fig.5. Dimensionless velocity profiles along the y-direction for different values of Ra 

and d/H at fixed Pr = 50. 

Fig. 6 shows the distribution of dimensionless velocity profiles along the y-

direction at (x= 0) and along the x-direction at (y = 0) versus Prandtl number and ratio 

d/H. Along the y-direction, an increase in Pr increases the velocity until the 50 then it 

becomes constant. The maximum value of velocity is always between the inner cylinders. 

The values of velocity decrease significantly with increasing the diameter of the inner 

cylinder. Along the x-direction, the maximum value of velocity is in the middle of the 

domain. The effects of Pr on velocity profiles are almost negligible for d/H = 0.4. Also, 

the velocity of hot particles of fluid is greater than the velocity of cold particles in the 

opposite direction. 
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Fig.6. Dimensionless velocity profiles along x and y direction for different values of Pr 

and d/H at a fixed value of Ra = 104. 

Fig. 7 shows representative isothermal contours of dimensionless temperature for 

the same governing parameters as the streamline contours.  For both cylinders, a plume 

of isotherms appears on the crown of inner cylinders to indicating the direction of fluid 

motion. For almost cases, the density of isotherms appears smaller around the bottom 

cylinder than the top cylinder. This effect indicates that the thickness of the thermal 

boundary layer of the bottom cylinder is more critical than the top cylinder. 
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As a consequence, the heat transfer rate of the bottom cylinder should be more 

important than the top cylinder. This is since the cold source of fluid is always at the 

lower part of the domain. Therefore, the heat exchanging of the bottom cylinder is better 

than the top cylinder. For all geometrical configurations, an increase in the value of the 

Rayleigh number decreases the thickness of the thermal boundary layer around both 

cylinders. This is due to the fluid velocity which increases with increasing the buoyancy 

strength. The effect of the Prandtl number on isotherms is almost negligible.  

On the other hand, the increase in the diameters of the cylinder has a significant 

impact on isotherms. Finally, it can be concluded that an increase in the diameter of inner 

cylinders decreases the heat transfer rate. This information can be useful for the insulting 

application. On the other hand, a decrease in the diameter of the inner cylinders enhances 

the heat transfer rate. This point is efficient for cooling purposes. 
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(b) 
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d/H = 0.4 

   
            Ra = 103            Ra = 104             Ra = 105 

 

Fig.7. Isotherms for different values of d/H and Ra, (a) at Pr = 7.01, (b) at Pr = 50. 
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Fig. 8. Variation of average Nusselt number versus Prandtl number for different values 

of Ra and d/H.  
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Fig. 8 shows the variations of average Nusselt number of both cylinders as a 

function of Prandtl number, Rayleigh number and the ratio d/H. It is clear that for studied 

cases, the increase in Ra number increases the average Nusselt number. Therefore, an 

increase in the rate of heat transfer. As it was expected from the analyses of isotherms, 

the average Nusselt number of bottom cylinder id greater than the top cylinder for all 

diameters. It can also be observed that the effect of Prandtl number on average Nusselt 

number of both cylinders is almost negligible, especially over the value 7.1. For all 

governing parametrical values of Prandtl and Rayleigh number, the increase in the 

diameters of inner cylinders reduces the value of Nusselt number of cylinders. It is 

observed only for one case for the top cylinder and when d/H = 0.4 and for all values of 

Prandtl number increase in Ra from 103 to 104 decreases a little the average Nusselt 

number. 

Conclusion 
The present investigation is devoted to studying the laminar buoyancy-driven flow 

from two circular cylinders placed in the tandem arrangement within a circular enclosure. 

The work studies the effects of Rayleigh number, Prandtl number and the diameter of 

inner cylinders on the flow patterns and heat transfer. These new discussed results can be 

useful for the engineering applications of cooling and insulting. At the end of this 

research, some concluded points are determined: 

• An increase in the value of the Rayleigh number enhances the heat transfer rate 

for all cases, exempt one case for d/ H = 0.4 and Ra = 104. 

• The effect of Prandtl number on fluid flow and heat transfer rate of cylinders is 

negligible over the value 7.1.  

• An increase in the diameter of inner cylinders reduces the effect of thermal 

buoyancy in the studied domain.  

• Decrease the diameter of inner cylinders increases the flow inside the annular 

space. 

• The present work shows that the fluid flow and heat transfer for this investigation 

have a steady-state regime.  

• Unlike a single inner cylinder in annular space, the double cylinders in tandem 

arrangement always keep the center of counter-rotating flow in the middle of 

geometry. 

• For almost studied geometries, the highest value of the local velocity of the flow 

is in the middle of the domain between the cylinders. 
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Nomenclature 

 
 

d diameter of inner cylinders [m] u velocity along x direction [m/s] 

H diameter of outer cylinder [m] v velocity along y direction [m/s] 

g gravity acceleration [ms-2] x x-coordinate [m] 

n, s normal direction [-] y y-coordinate [m] 

Nul average Nusselt number [-] Greek symbols 

Nu local Nusselt number [-] α thermal diffusivity [m2/s] 

p pressure [-] β 
coefficient of volume expansion 

[K-1] 

Pr Prandtl number [-] ν kinematic viscosity [m2/s] 

Ra Rayleigh number, [-] 𝜌 density of fluid [kg/m3] 

T temperature [K] Superscripts 

Tc cold temperature [K] . dimensionless quantity 

Th hot temperature [K]   
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