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Abstract 

In this paper, we define a new type of labeling called bitopological harmonious labeling in such a way 

that for a graph 𝐺 = (𝑉(𝐺), 𝐸(𝐺)) with 𝑛 vertices, bitopological harmonious labeling is an injective 

function 𝑓: 𝑉(𝐺) → 2𝑋, where X is any non – empty set such that |𝑋| = 𝑚, 𝑚 <  𝑛 and {𝑓(𝑉(𝐺))}  

forms a topology on 𝑋, that induces an injective function 𝑓∗: 𝐸(𝐺)  →  2𝑋∗
, defined by 𝑓∗(𝑢𝑣)  =

  𝑓(𝑢) ∩ 𝑓(𝑣) for every 𝑢𝑣 ∈ 𝐸(𝐺) such that {𝑓∗(𝐸(𝐺))} forms a topology on 𝑋∗ where 𝑋∗ =
𝑋/{1,2, … . , 𝑚}. A graph that admits bitopological harmonious labeling is called a bitopological 

harmonious graph. In this paper, we discuss bitopological harmonious labeling of some acyclic graphs 

and to generate these labels by using python program code. 
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I    INTRODUCTION 

In this paper we consider only simple, finite and undirected graphs. The graph G has a vertex set V = 

V(G) and edge set E = E(G). For notations and terminology we refer to Bondy and Murthy[2]. Acharya 

[3] established another link between graph theory and point set topology. Selestin Lina S and Asha S 

defined bitopological star labeling for a graph 𝐺 = (𝑉, 𝐸) as X be any non-empty set if there exists an 

injective function 𝑓: 𝑉(𝐺) → 2𝑋 which induces the function 𝑓∗: 𝐸(𝐺) → 2𝑋 as        𝑓∗(𝑣1𝑣2)  =
  [𝑓(𝑣1) ∪ 𝑓(𝑣2) ]𝑐 for every 𝑣1, 𝑣2 ∈ 𝑉(𝐺), if {𝑓(𝑉(𝐺))}and {𝑓∗(𝐸(𝐺))} ∪ 𝑋  are topolologies on X 

then G is said to be bitopological star graph. In this paper, we defined bitopological harmonious labeling 

and proved star graph, path graph, comb graph and shrub graph are bitopological harmonious graph. 

Also we discussed to generate the label of these graphs by using python program code. 

II   BASIC DEFINITIONS 

Definition 2.1 

Bitopological harmonious labeling of a graph 𝐺 = (𝑉(𝐺), 𝐸(𝐺)) with 𝑛 vertices is an injective function 

𝑓: 𝑉(𝐺) → 2𝑋, where X is any non – empty set such that |𝑋| = 𝑚, 𝑚 <  𝑛 and {𝑓(𝑉(𝐺))} forms a 

topology on 𝑋, that induces an injective function 𝑓∗: 𝐸(𝐺) →  2𝑋∗
, defined by 𝑓∗(𝑢𝑣)  =   𝑓(𝑢) ∩ 𝑓(𝑣) 

for every 𝑢𝑣 ∈ 𝐸(𝐺) such that {𝑓∗(𝐸(𝐺))} forms a topology on 𝑋∗ where 𝑋∗ = 𝑋/{1,2, … . , 𝑚}. A 

graph that admits bitopological harmonious labeling is called a bitopological harmonious graph.   

Definition 2.2 

A graph is said be acyclic if it has no cycles. 

Definition 2.3 

A graph obtained from a path 𝑃𝑛 by attaching pendent edges to every internal vertices of the path is 

called hurdle graph. Hurdle graph with 𝑛 − 2 hurdle is denoted by 𝐻𝑑𝑛. 

Definition 2.4 
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Shrub graph is a graph obtained by connecting a vertex to the centre vertex of each 𝑛 number of star 

graph 𝐾1,𝑚𝑖
. It is denoted by 𝑆(𝑚1, 𝑚2, … , 𝑚𝑛).  

 

Definition 2.5 

The corona of two graphs 𝐺1𝑎𝑛𝑑 𝐺2 is the graph 𝐺 = 𝐺1ʘ 𝐺2 formed by taking one copy of 𝐺1 and 

|𝑉(𝐺1)| copies of 𝐺2 and joining the 𝑖𝑡ℎ vertex of 𝐺1  to every vertex in the 𝑖𝑡ℎ copy of 𝐺2. 

III   MAIN RESULTS 

Theorem 3.1 

The path 𝑃𝑛, 𝑛 > 1 is a bitopological harmonious graph. 

Proof: 

Let 𝑉(𝑃𝑛) = {𝑢1, 𝑢2, … , 𝑢𝑛}. 

Let 𝐸(𝑃𝑛) = {𝑢𝑖𝑢𝑖+1/ 1 ≤ 𝑖 ≤ 𝑛 − 1}. 

|𝑉(𝐺)| = 𝑛, |𝐸(𝐺)| = 𝑛 − 1. 

Let 𝑋 = {1,2, … , |𝑉(𝑃𝑛)| − 1}. 

Define the function 𝑓: 𝑉(𝑃𝑛) → 2𝑋 as follows: 

𝑓(𝑢1) = 𝜙;         

𝑓(𝑢𝑖) = {1,2, … , 𝑖 − 1}  for 2 ≤ i ≤ n. 

Here all the vertex labels are distinct and they form a topology on X. 

Then the induced function 𝑓∗: 𝐸(𝑃𝑛) → 2𝑋∗
 is given as follows: 

𝑓∗(𝑢𝑣) = 𝑓(𝑢) ∩ 𝑓(𝑣)    for all 𝑢𝑣 𝜖 𝐸(𝑃𝑛). 

Here 𝑓∗(𝑢𝑖𝑢𝑖+1) = 𝑓(𝑢𝑖)   for 1 ≤ i ≤ n − 1.  

Since 𝑓 is 1-1 and so 𝑓∗. Also {𝑓∗(𝐸(𝑃𝑛))}  forms a topology on 𝑋∗. 

Hence 𝑓 is a bitopological harmonious labeling and 𝑃𝑛 is a bitopological harmonious graph. 

To generate the bitopological harmonious labeling of 𝑷𝒏 using python programming code: 

Program: 

import sys 

n=int(input("Enter the value of Pn\n")) 

if n==2: 

print("f(u1)=empty set,f(u2)={1}") 

elif n==3: 

print("f(u1)=empty set,f(u2)={1},f(u3)={1,2}") 

else: 

 for i in range(1): 

 print("f(u1)=empty set,f(u2)={1},f(u3)={1,2}") 

 for i in range (4,n+1): 

  print("f(u",i,")={1,...,",i-1,"}") 
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Output: 

 
Example 3.2 

 

 
  Fig 3.1 Bitopological harmonious labeling of 𝑷𝟔 

 

Theorem 3.3 

Star graph 𝐾1,𝑛, 𝑛 > 1 is a bitopological harmonious graph. 

Proof: 

Let 𝐺 = 𝐾1,𝑛. 

Let 𝑉(𝐺) = {𝑢0, 𝑢1, … , 𝑢𝑛} be the vertex set of 𝐺 and 𝑢0 be the centre vertex. 

Let 𝐸(𝐺) = {𝑢0𝑢𝑖/ 1 ≤ 𝑖 ≤ 𝑛} be the edge set of 𝐺. 

Let 𝑋 = {1,2, … , |𝑉(𝐺)| − 1}. 

Define the function 𝑓: 𝑉(𝐺) → 2𝑋 as follows: 

𝑓(𝑢1) = 𝜙; 

𝑓(𝑢𝑖) = {1,2, … , 𝑖 − 1}  for 2 ≤ i ≤ n; 

 𝑓(𝑢0) = {1,2, … , 𝑛}. 

Here all the vertex labels are distinct and they form a topology on X. 

Then the induced function 𝑓∗: 𝐸(𝐺) → 2𝑋∗
 is given as follows: 

𝑓∗(𝑢𝑣) = 𝑓(𝑢) ∩ 𝑓(𝑣) for all 𝑢𝑣 𝜖 𝐸(𝐺). 

Here 𝑓∗(𝑢0𝑢𝑖) = 𝑓(𝑢𝑖) for 1 ≤ i ≤ n. 

Since 𝑓 is 1-1 and so 𝑓∗. Also {𝑓∗(𝐸(𝐺))}  forms a topology on 𝑋∗. 

Hence 𝑓 is a bitopological harmonious labeling and 𝐺 is a bitopological harmonious graph.  

To generate the bitopological harmonious labeling of 𝑮 using python programming code: 

Program: 

import sys 

n=int(input("Enter the value of n \n")) 

if n==1: 

  print("f(u0)={1} f(u1)=empty set") 



S. Chandrakala et al. Bitopological Harmonious Labeling.......                     162 

 

elif n==2: 

  print("f(u0)={1,2}, f(u1)=empty set, f(u2)={1}") 

else: 

  for i in range(1): 

    print("f(u0)={1,...,",n,"}, f(u1)=empty set, f(u2)={1}") 

  for i in range(3,n+1): 

   print("f(u",i,")={1,...,",i-1,"}") 

Output: 

 
 

Example 3.4  

   
Fig 3.2 Bitopological harmonious labeling of 𝑲𝟏,𝟖 

     

Theorem 3.5  

For any 𝑛 ∈ ℕ the comb graph 𝑃𝑛ʘ 𝐾1, is a bitopological harmonious graph. 

Proof: 

Let 𝐺 = 𝑃𝑛ʘ 𝐾1 and let 𝑉(𝐺) = {𝑢1, 𝑢2, … , 𝑢𝑛, 𝑣1, … , 𝑣𝑛} be the vertex set of 𝐺. 

Let 𝐸(𝐺) = {𝑣𝑖𝑣𝑖+1/1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑢𝑖𝑣𝑖/1 ≤ 𝑖 ≤ 𝑛}. 

Then  |𝑉(𝐺)| = 2𝑛,  |𝐸(𝐺)| = 2𝑛 − 1. 

Let 𝑋 = {1,2, … ,2𝑛 − 1}. 

Define the function 𝑓: 𝑉(𝐺) → 2𝑋 as follows: 

𝑓(𝑢1) = 𝜙; 

𝑓(𝑣𝑖) = {1,2, … ,2(𝑖 − 1) + 1}  for 1 ≤ i ≤ n; 

𝑓(𝑢𝑖) = {1,2, … ,2(𝑖 − 1)}  for 1 ≤ i ≤ n. 
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Here all the vertex labels are distinct and they form a topology on X. 

Then the induced function  𝑓∗: 𝐸(𝐺) → 2𝑋∗
is given as follows: 

𝑓∗(𝑢𝑣) = 𝑓(𝑢) ∩ 𝑓(𝑣)    for all 𝑢𝑣 𝜖 𝐸(𝐺).  

Here 𝑓∗(𝑣𝑖𝑣𝑖+1) = 𝑓(𝑣𝑖)  for 1 ≤ i ≤ n − 1; 

𝑓∗(𝑢𝑖𝑣𝑖) = 𝑓(𝑢𝑖)  for 1 ≤ i ≤ n − 1. 

Since 𝑓 is 1-1 and so 𝑓∗. Also {𝑓∗(𝐸(𝐺))}  forms a topology on 𝑋∗. 

Hence 𝑓 is a bitopological harmonious labeling and G is a bitopological harmonious graph. 

To generate the bitopological harmonious labeling of comb graph 𝑷𝒏ʘ 𝑲𝟏 using python 

programming code: 

import sys 

n=int(input("Enter the value of n\n")) 

if n==1: 

 print("f(u1)=empty set,f(v1)={1}") 

elif n==2: 

 print("f(u1)=empty set,f(v1)={1},\nf(u2)={1,2},f(v2)={1,2,3}") 

else: 

  for i in range(1): 

   print("f(u1)=empty set,f(v1)={1},\nf(u2)={1,2},f(v2)={1,2,3}") 

  for i in range (3,n+1): 

    print("f(u",i,")={1,...,",(i-1)*2,"},f(v",i,")={1,2,...,",(i-1)*2+1,"}") 

Output: 

 
Example 3.6 

 

  Fig 3.3 Bitopological harmonious labeling of 𝑷𝟓⨀ 𝑲𝟏 

 

Theorem 3.7  

For any 𝑛 > 2, the hurdle graph 𝐻𝑑𝑛, is a bitopological harmonious graph. 
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Proof: 

Let 𝐺 = 𝐻𝑑𝑛. 

Let 𝑉(𝐺) = {𝑢1, 𝑢2, … , 𝑢𝑛 , 𝑣1, … , 𝑣𝑛−2}. 

Let 𝐸(𝐺) = {𝑢𝑖𝑢𝑖+1/1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑢𝑖𝑣𝑖−1/ 2 ≤ 𝑖 ≤ 𝑛 − 1}. 

Then  |𝑉(𝐺)| = 2𝑛 − 2,  |𝐸(𝐺)| = 2𝑛 − 3. 

Let 𝑋 = {1,2, … ,2𝑛 − 3}. 

Define the function 𝑓: 𝑉(𝐺) → 2𝑋 as follows: 

𝑓(𝑣1) = 𝜙; 

𝑓(𝑣𝑖) = {1,2, … , 𝑖 − 1}  for 2 ≤ i ≤ n − 1; 

𝑓(𝑢𝑖) = {1,2, … , 𝑛 − 3 + 𝑖}  for 1 ≤ i ≤ n. 

Here all the vertex labels are distinct and they form a topology on X. 

Then the induced function 𝑓∗: 𝐸(𝐺) → 2𝑋∗
is given as follows: 

𝑓∗(𝑢𝑣) = 𝑓(𝑢) ∩ 𝑓(𝑣)    for all 𝑢𝑣 𝜖 𝐸(𝐺).  

Here 𝑓∗(𝑢𝑖𝑢𝑖+1) = 𝑓(𝑢𝑖)   for 1 ≤ i ≤ n − 1; 

𝑓∗(𝑢𝑖𝑣𝑖−1) = 𝑓(𝑣𝑖)   for  2 ≤ i ≤ n − 1. 

Since 𝑓 is 1-1 and so 𝑓∗. 𝐴lso {𝑓∗(𝐸(𝐺))}  forms a topology on 𝑋∗. 

Hence 𝑓 is a bitopological harmonious labeling and 𝐺 is a bitopological harmonious graph. 

To generate the bitopological harmonious labeling of hurdle graph 𝑯𝒅𝒏 using python 

programming code: 

Program: 

import sys 

n=int(input("Enter the value of n\n")) 

print("f(v1)=empty set") 

if n==3: 

 print("f(u1)={1},\nf(u2)={1,2},f(u3)={1,2,3}") 

else: 

  for i in range(2,n-1): 

   print("f(v",i,")={1,...,",i-1,"}") 

  for i in range (1,n+1): 

    print("f(u",i,")={1,...,",n-3+i,"}") 

Output: 
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Example 3.8 

  

  
Fig 3.4 Bitopological harmonious labeling of 𝑯𝒅𝟕 

 

Theorem 3.9 

For any 𝑛 ∈ ℕ, two pendent edges attached to each vertices of 𝑃𝑛 is a  bitopological harmonious graph. 

 

Proof: 

Let 𝐺 be the graph obtained by attaching two pendent edges to each vertices of 𝑃𝑛. 

Let 𝑉(𝐺) = {𝑢1, 𝑢2, … , 𝑢𝑛 , 𝑣1, … , 𝑣𝑛, 𝑤1, … , 𝑤𝑛} be the vertex set of G where 𝑢𝑖 and 𝑤𝑖 be the pendent 

vertices attached to 𝑣𝑖 . 

Let 𝐸(𝐺) = {𝑣𝑖𝑣𝑖+1/1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑣𝑖𝑢𝑖/1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖𝑤𝑖/1 ≤ 𝑖 ≤ 𝑛}. 

Then  |𝑉(𝐺)| = 3𝑛,  |𝐸(𝐺)| = 3𝑛 − 1. 

Let 𝑋 = {1,2, … ,3𝑛 − 1}. 

Define the function 𝑓: 𝑉(𝐺) → 2𝑋 as follows: 

𝑓(𝑢1) = 𝜙; 

𝑓(𝑢𝑖) = {1,2, … ,3(𝑖 − 1)}  for 2 ≤ i ≤ n; 

𝑓(𝑤𝑖) = {1,2, … ,3(𝑖 − 1) + 1}  for 1 ≤ i ≤ n; 

𝑓(𝑣𝑖) = {1,2, … ,3(𝑖 − 1) + 2}  for 1 ≤ i ≤ n. 

Here all the vertex labels are distinct and they form a topology on X. 

Then the induced function 𝑓∗: 𝐸(𝐺) → 2𝑋∗
is given as follows: 

𝑓∗(𝑢𝑣) = 𝑓(𝑢) ∩ 𝑓(𝑣)    for all 𝑢𝑣 𝜖 𝐸(𝐺). 

Here 𝑓∗(𝑣𝑖𝑣𝑖+1) = 𝑓(𝑣𝑖)  for  1 ≤ i ≤ n − 1; 

𝑓∗(𝑢𝑖𝑣𝑖) = 𝑓(𝑢𝑖)  for 1 ≤ i ≤ n; 

𝑓∗(𝑣𝑖𝑤𝑖) = 𝑓(𝑤𝑖) for 1 ≤ i ≤ n. 
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Since 𝑓 is 1-1 and so 𝑓∗. Also {𝑓∗(𝐸(𝐺))}  forms a topology on 𝑋∗. 

Hence 𝑓 is a bitopological harmonious labeling and 𝐺 is a bitopological harmonious graph. 

To generate the bitopological harmonious labeling of 𝑮 using python programming code: 

Program: 

import sys 

n=int(input("Enter the value of n\n")) 

if n==1: 

 print("f(u1)=empty set,f(w1)={1},f(v1)={1,2}") 

elif n==2: 

 print("f(u1)=empty set,f(w1)={1},f(v1)={1,2},\nf(u2}={1,2,3},f(w2)={1,2,...,4},f(v2)={1,2,...,5}") 

else: 

  for i in range(1): 

   print("f(u1)=empty set,f(w1)={1},f(v1)={1,2},\nf(u2}={1,2,3},f(w2)={1,2,...,4},f(v2)={1,2,...,5}") 

  for i in range (3,n+1): 

    print("f(u",i,")={1,...,",(i-1)*3,"},f(w",i,")={1,...,",(i-1)*3+1,"},f(v",i,")={1,2,...,",(i-1)*3+2,"}") 

Output: 

 
Example 3.10 

 

Fig 3.5 Bitopological harmonious labeling of two pendent edges attached to each vertices of 𝑷𝟓 

 

Theorem 3.11 

For any 𝑛, 𝑚 ∈ ℕ the graph 𝑃𝑛ʘ 𝐾1,𝑚, is a bitopological harmonious graph. 

 

Proof: 

Let 𝐺 = 𝑃𝑛ʘ 𝐾1,𝑚 and let 𝑉(𝐺) = {𝑣𝑗
(𝑖)

/1 ≤ 𝑖 ≤ 𝑛, 0 ≤ 𝑗 ≤ 𝑚} be the vertex set of G. 
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Let 𝐸(𝐺) = {𝑣0
(𝑖)

𝑣0
(𝑖+1)

/1 ≤ 𝑖 ≤ 𝑛 − 1} ∪ {𝑣0
(𝑖)

𝑣𝑗
(𝑖)

/1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚}. 

Then  |𝑉(𝐺)| = 𝑛(𝑚 + 1) and  |𝐸(𝐺)| = 𝑛(𝑚 + 1) − 1. 

Let 𝑋 = {1,2, … , 𝑛(𝑚 + 1) − 1}. 

Define the function 𝑓: 𝑉(𝐺) → 2𝑋 as follows: 

𝑓 (𝑣1
(1)

) = 𝜙; 

𝑓 (𝑣0
(𝑖)

) = {1,2, … , (𝑚 + 1)𝑖 − 1}  for 1 ≤ i ≤ n; 

𝑓 (𝑣𝑗
(𝑖)

) = {1,2, … , (𝑚 + 1)(𝑖 − 1) + (𝑗 − 1)}  for 1 ≤ j ≤ m; 

𝑓(𝑢𝑖) = {1,2, … ,2(𝑖 − 1)}  for 1 ≤ i ≤ n. 

Here all the vertex labels are distinct and they form a topology on X. 

Then the induced function 𝑓∗: 𝐸(𝐺) → 2𝑋∗
 is given as follows: 

𝑓∗(𝑢𝑣) = 𝑓(𝑢) ∩ 𝑓(𝑣)    for all 𝑢𝑣 𝜖 𝐸(𝐺). 

Here 𝑓∗ (𝑣0
(𝑖)

𝑣0
(𝑖+1)

) = 𝑓 (𝑣0
(𝑖)

)   for 1 ≤ i ≤ n − 1; 

𝑓∗ (𝑣0
(𝑖)

𝑣𝑗
(𝑖)

) = 𝑓 (𝑣𝑗
(𝑖)

)  for  1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚. 

Since 𝑓 is 1-1 and so 𝑓∗. Also {𝑓∗(𝐸(𝐺))}  forms a topology on 𝑋∗. 

Hence 𝑓 is a bitopological harmonious labeling and 𝐺 is a bitopological harmonious graph. 

To generate the bitopological harmonious labeling of 𝑷𝒏ʘ 𝑲𝟏,𝒎  using python programming code: 

Program: 

import sys 

n=int(input("Enter the value of n\n")) 

m=int(input("Enter the value of m\n")) 

for i in range(1,n+1): 

  print("f(v^",i,"_0)={1,2,...,",(m+1)*i-1,"}") 

  for j in range(1,m+1): 

   print("f(v^",i,"_",j,")={1,2,...,",(m+1)*(i-1)+j-1,"}") 

Output: 
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Example 3.12 

 

 
Fig 3.6 Bitopological harmonious labeling of 𝑷𝟓⨀ 𝑲𝟏,𝟑 

 

Theorem 3.13 

Shrub graph 𝑆(𝑚1, 𝑚2, … , 𝑚𝑛), 𝑛 > 1, 𝑚1, 𝑚2, … , 𝑚𝑛 ∈ 𝑁  is a bitopological harmonious graph. 

 

Proof: 

Let 𝐺 = 𝑆(𝑚1, 𝑚2, … , 𝑚𝑛) be a Shrub graph. 

Let 𝑉(𝐺) = {𝑐, 𝑣𝑖 , 𝑣𝑗
(𝑖)

/1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚𝑖} and c be the centre vertex of G. 

Let 𝐸(𝐺) = {𝑐𝑣𝑖/1 ≤ 𝑖 ≤ 𝑛} ∪ {𝑣𝑖𝑣𝑗
(𝑖)

/1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚𝑖}. 

Then  |𝑉(𝐺)| = 𝑚1 + 𝑚2 + ⋯ + 𝑚𝑛 + 𝑛 + 1 and |𝐸(𝐺)| = 𝑚1 + 𝑚2 + ⋯ + 𝑚𝑛 + 𝑛. 

Let 𝑋 = {1,2, … , 𝑚1 + 𝑚2 + ⋯ + 𝑚𝑛 + 𝑛}. 

Define the function 𝑓: 𝑉(𝐺) → 2𝑋 as follows: 

𝑓 (𝑣1
(1)

) = 𝜙; 

𝑓 (𝑣𝑗
(1)

) = {1,2, … , 𝑗 − 1}  for j = 2,3, … , 𝑚1; 

𝑓 (𝑣𝑗
(𝑖)

) = {1,2, … , 𝑚1 + 𝑚2 + ⋯ + 𝑚𝑖−1 + (𝑖 − 2) + 𝑗}  for 2 ≤ i ≤ n and 1 ≤ j ≤ 𝑚𝑖; 

𝑓(𝑣𝑖) = {1,2, … , 𝑚1 + 𝑚2 + ⋯ + 𝑚𝑖 + (𝑖 − 1)}  for 1 ≤ i ≤ n; 

𝑓(𝑐) = {1,2, … , 𝑚1 + 𝑚2 + ⋯ + 𝑚𝑛 + 𝑛}. 

Here all the vertex labels are distinct and they form a topology on X. 

Then the induced function 𝑓∗: 𝐸(𝐺) → 2𝑋∗
 is given as follows: 

𝑓∗(𝑢𝑣) = 𝑓(𝑢) ∩ 𝑓(𝑣)    for all 𝑢𝑣 𝜖 𝐸(𝐺).  

Here 𝑓∗(𝑐𝑣𝑖) = 𝑓(𝑣𝑖)  for 1 ≤ i ≤ n; 

𝑓∗ (𝑣𝑖𝑣𝑗
(𝑖)

) = 𝑓 (𝑣𝑗
(𝑖)

) for 1 ≤ 𝑖 ≤ 𝑛, 1 ≤ 𝑗 ≤ 𝑚𝑖. 

Since 𝑓 is 1-1 and so 𝑓∗. Also {𝑓∗(𝐸(𝐺))}  forms a topology on 𝑋∗. 

Hence 𝑓 is a bitopological harmonious labeling and 𝐺 is a bitopological harmonious graph. 

To generate the bitopological harmonious labeling of Shrub Graph 𝑺(𝒎𝟏, 𝒎𝟐, … , 𝒎𝒏) using 

python programming code: 

Program: 
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import sys 

n=int(input("Enter the value of n\n")) 

s = 0 

for i in range (1,n+1): 

  print("Enter the value of m_",i) 

  m_i=int(input()) 

  if(i==1): 

    print("f(v^(1)_1)=empty") 

    for j in range (2,m_i+1): 

      print("f(v^(1)_",j,")={1,2,...,",j-1,"}") 

    print("f(v_1)={1,2,...,",m_i,"}") 

    s = s + m_i 

  else: 

    for j in range(1,m_i+1): 

      print("f(v^(",i,")_",j,")={1,2,...,",s+i-2+j,"}") 

    s = s + m_i 

    print("f(v^(",i,")={1,2,...,",s+i-1,"}") 

print("f(c)={1,2,...,",s+n,"}") 

Output: 

 

Example 3.14  
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Fig 3.7  Bitopological harmonious labeling of 𝑺(𝟐, 𝟒, 𝟑, 𝟒) 

To generate the bitopological harmonious labeling of above discussed graphs by using python 

programming code, the link is given as follows: 

https://colab.research.google.com/drive/1dXDe_nykF4MGz37P96nyfvY52ar7oq2g#scrollTo=DkEVc

FccO0rM&uniqifier=1 

IV. CONCLUSION 

In this paper, we proved star graph, path graph, comb graph and shrub graph are bitopological 

harmonious graph. Further, we labeled the above graphs by using python program code and to give the 

outputs of the programs. 
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