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Abstract

A new probability distribution is developed in this study by adding an
extra parameter to the existing Alpha power modified transformation
technique. The proposed study employed Weibull distribution as a
baseline to the new probability generator called Semi Modified Alpha
Power Weibull Distribution (SMAPWD). Several important statistical
properties were developed for the new distribution such as, quantile
function, median, mode, order statistics, ' moments and MGF. Maximum
likelihood function estimation method was used to derive the estimates of
the parameters. Two real data sets were applied to the proposed
distribution and have a better fit as compare to the class of other
distributions.
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Introduction

Probability distribution is becoming a normal practice for researchers to improve and explore to new
generation, while linking with modern technologies. Real life problems their analysis and complex data
sets need the probability distributions accordingly from simplifying the classical distributions [1]. for
achieving the purpose, we create new generators by adding some new parameters to the baseline
distribution or merge the existing ones [2] and [3] Substituting a new parameter to the existing
distribution. [4] proposed the T-X family of continuous distributions. [5] suggested beta generated
distributions with beta as a parent distribution and cumulative distribution function (CDF) as a baseline
of a continuous random variable. Later on, the beta transformation got replaced [6] with Kumaraswamy
distribution. Univariate continuous distribution was constructed and reviewed generously by [7] for
comparison purpose. A novel approach recently proposed by [8] called the alpha power transformation
(APT) aiming the skewness into the baseline distribution by adding a new parameter in a continuous
distribution. Described below:

a™™ -1 :
=z ifa>0,a+#0

FAPT(x) = a-1 ifo=1 (D
F(x)

And the corresponding probability density function:

. ~ loﬂam)f(x) ifa>0,a#0 )
APT(x) — a-1 ifor=1 (2)
S(x)

This generator provides two parameter alpha power distribution from single parameter exponential
distribution.
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The shape of pdf, survival function and hazard rate function were analyzed. [9] and [1] used the above
generator to introduce a three-parameter alpha power distribution by restoring the two parameter
Weibull distribution. The researchers have used this generator to create many distributions. Like: lindly
distribution [10], inverse lindly distribution [11], generalized exponential distribution [12] etc.

Weibull distribution (WD) is the extended form of exponential distribution which is developed by
Weibull [13]. the Weibull distribution is used in several areas including survival, reliability and
engineering problems. The Hazard function of Weibull distribution is suitable for all type of real-life
data depending upon the parameter values and its fluctuations. The Hazard function of Weibull
distribution (WD) is not suitable for modeling human mortality and machine life because it does not
convey the non-monotonic pattern of the model [14]. Several researchers developed many important
variations of Weibull distributions to cover the deficiencies. Such as, Almalki and Yuan (2013) proposed
new modified Weibull distribution. [15] introduced Gumbel-Weibull probability function.
Exponentiated Weibull (EW) [16] , Additive Weibull (AW) [17] , Weibull Extension (WE) [18] ,
Generalized Modified Weibull (GMW) [19], Exponential Weibull (EW) [20] and beta Sarhan—Zain din
MW distribution respectively. [21] and [22] suggested recent developments in the distribution theory to
the researchers.

The pdf and CDF of Weibull distribution is as follows:

f(x) = %(%)91 e_(%j , x>0 3)
F(x)=1- e{%f “4)

Proposed Distribution

The PDF and CDF of the new proposed distribution using Alpha Power Transformation Technique are
given by

F(x)(1-aF®)

F(x) = o

x>0,a>0 (5)

_ [ ® log(o)F(x)—(1-aF®)]
- (ax—1)

f()

The F(x) and f(x) represents CDF and PDF of the baseline distribution.

x>0,a>0 (6)

Semi Modified Alpha Power Weibull (SMAPW) Distribution

The suggested method specified in equation (5) is applied to Weibull distribution and a new model
known as Semi Modified Alpha Power Weibull (SMAPW) distribution is obtained. So, the pdf and CDF
of Semi Modified Alpha Power Weibull (SMAPW) distribution is represented by

%wuﬂxk;@f%

1—e_(7n
w@=< — )

9(5)9‘1;(%)9 a<1_e_(X)e> log(oc)(l—e_(%)e>—(1—0€<1_e_(§)9>)

fx) = — ®)

The graph of PDF and CDF are mentioned below in Figure: 1
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Figure 1: PDF and CDF of SMAPW Distribution

Survival and hazard rate function are as follows:

%)e> (1- a<1_e_(§)9>)

<1—e_(
SX=1-Fx)=1-

(1-0)
After simplification the survival function becomes:
] -<%>e>
1-e %0 %0
( (l_e—(ﬂ >+e‘(x) e
S(0) = — 9)
df f
HE) = — b0 T
survival function  s(x)
X %10
" (l_e—&)e) " (1_8—@ )
%(%)e_le_(X) o log(a)(l—e_(X) >—(1—a )
H(x) = CN—
(1—e ) ) 0 0
a (1_9_(1) )+e (A) —a
1-a

The hazard function becomes:
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The graph of SF and HF are specified below in Figure: 2
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Figure:2 SF and HF of SMAPW Distribution

Quantile function
Quantile function is defined as an inverse of the distribution function.
FX)=U
X =F 1)
Where U follows the standard uniform distribution.
After simplification the quantile function is as follows:

X = e[ﬁ(log(log(%)+elog (A))—log(@)—ﬂlog (/'l))] (11)
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Median of the distribution is U=1/2 as follows:

(1-a)
1 0995 ) v 010g (1) ~10g(8)—Bl0g (A
5| tog| tog| =1z |+6l0g M) |-tog 0g (M)

Median =e (12)

Mode
Mode of the distribution is derived as:

d =0
af(x)—

d o d -
af(x)—a =

After taking derivative mode of SMAPW transformation is:

Mode = “21=0290) 4 9,30 13)

Order Statistics

Let X1,X5,X3, ..., Xabe the ordered random variables corresponding to a sample of size n. the the PDF
of i order statistics of MAPWD , is f{; »)(X) given by the following expression

(i—-1D!'n-1)!

f(i,n) X) = f(x)F(X)(i—l) [1-— F(X)](n—i)

By substituting eq (8) and eq (7) in eq i™ order, we have

fam®) = m
%(%)9_1 e_(%)e Ia(l_e_(%f) log(a) <1 - e_(%f) - <1 - a<1_e_(§)e>>\ (1 - e_(%)(g) <1 _ ‘Z(l_e_(%)g))(i_l)
X 1—e_(j1_c)9>(a P (1-a)
- (1‘3_(1)61(11_—;( )]("-i) .

Put i =1in (14) to have expression of smallest order statistic.

02y -6 [a(”'@g) g (1-e°6) - <1 . a<l"@e)>] (1- ())

(n-1)! (a—1) 1-a)

fanX) = [1

_ ](n—l)
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Put i = n in (14), we get largest order statistic as follows:

f(n,n)(X) = (n — 1)7!1271 Y
i —®° _x® (n-1)
366 [J”'(ﬂ st 1) <1 e ))] (1-o6) <1 e ))
(@-1) 1-a)

R™ Raw Moment

iy = EGO" f X f(x)dx
- 0
" |r

Which is the required ' raw moment.

Moment generating function

o)

M, () = E(et™) = f e f(x)dx

0

[ - x\ 0 —e'(%)g x\° —9_(%)9 |
%(%)6 ! e_(Z) a(l ) log(a) <1 — e_(/_l) ) -(1- 0((1 ))
Mx(t) :J;)Ooetx (a—l) dx
M(®) = =2 +1 (16)

Is the required moment generating function.

Shannon and Entropy
S.E, = —f f(x)logf(x)dx
0

The simplified form is as follows
S.Ex =—-log[log(a)0] +1 — alog(a) + (6 —1)log(6 —1) — 1

Simulations study
Simulation study has been performed for average MLEs, Mean Square Error (MSE) and bias.
W= 100 samples of size n = 80, 120, and 160 were produced form EMAPP distribution. Random

numbers were generated by the following expression

P e[ﬁ(log(log(%)+9[cg (A))—zog(e)—ezog (A))]

where U is uniform random numbers with parameter [0,1] Bias and MSE are calculated by

1 & -~
Bias = — b —-b
WIZ::,( , —b)
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MSE = iZ(b] -b)’

WS
where b equals (a, 8, A). Simulation results were obtained for various combinations of a, © and A. Table
1 displays the Average MSE and bias values. These estimations are consistent and close to genuine
parameter values based on the sample size rises. Increasing sample size leads to lower MSEs and biases
for all parameter combinations. The MLE technique accurately estimates SMAPW distribution

characteristics.

Table:1 MSE and Bias
Paramete N Mea | MeanZ | MeanZ | MSEO | MSE | MSE | BIAS | BIAS | BIAS

rs nZ0 1 2 1 2 0 1 2
A=2 80 1.93 | 3.1465 | 5.9231 | 0.1911 | 6.45 | 5.426 - - 1.451
B=3 63 14 7 0.045 | 0.736 2
C=4 7 2

w=100 120 | 1.98 | 3.8130 | 4.8725 | 0.1304 | 4.24 | 3.347 - - 0.608
97 21 6 0.030 | 0.189 6
2 8
160 | 1.98 | 3.9623 | 4.5474 | 0.0459 | 2.98 | 1.593 - - 0.348
99 13 7 0.021 | 0.058 1

5 7

Applications
Two data sets have been analyzed to demonstrate the performance of the proposed SMAPW model. The
first data set consists of cyst size in mm [23].

0.32 0.47 0.52 0.59 0.77 0.81 0.81 0.9 0.96 1.18
1.20 1.20 1.31 1.35 1.43 1.51 1.62 1.74 1.87 1.89
1.95 2.05 2.10 2.20 2.48 2.81 3.00 3.09 3.37 4.75

The second data set is related with the monthly actual taxes revenue in Egypt from January 2006 to
November 2010.The data has been analyzed. The data values are as follows.

59 120. | 14. | 16. | 17. | 7.8 | 6.1 | 92 | 10. | 9. | 13. | 85 | 21. | 18. | 5.1
4 9 2 2 2 6 3 6 5

67 | 17 | 86 | 97 | 39. | 35 | 15 |97 | 10 | 4. | 36 | &5 8 26. | 21.
2 7 7 1 2 9

16. | 21. | 35. | 14. | 85 | 10. | 19. | 20. | 7.1 | 7. | 18. | 16. | 11. 7 8.6

7 3 4 3 6 1 5 7 1 5 9

12. | 10. | 11. | 6.1 | 84 | 11 11. | 11. | 52 | 6. | 89 | 7.1 | 10.

5 3 2 6 9 8 8

The proposed distribution is compared with several other competitive models, like Weibull distribution,
Modified Weibull distribution, exponentiated Kumaraswamy Inverse Weibull Distribution and Power
Generalized Weibull Distribution with following pdf.

Weibull Distribution (WD)

f(x)= Q(ﬁjgl e‘@g x>0

A\A
Modified Weibull Distribution (MWD)
f(x) = (a+ Byx?Y e =B . X>0

Exponentiated Kumaraswamy Inverse Weibull Distribution (EKIWD)
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B-1 ~0wx)p

~(Ax)g a1 ~(Ax)g a bl
f(x) = ABabO(Lx) e (1- e

) [-(d-e ) ]

Power Generalized Weibull Distribution (PGWD)

F@) = goax [+ () a] 5 - e

1—[1+(§)a]%

Using R software for Adequacy Model package, the goodness of fit test is used to evaluate the
performance of SMAPW distribution and other Weibull distributions. Goodness of fit criteria include
the result of Akaike's Information Criteria. There are several information criteria, including AIC, CAIC,
BIC, and HQIC. Tables 2 and 3 show the Kulmogrov-Smirnov test (KS) results and p-values. A model
is called good fit if it meets all of the criteria and has a higher p value.

Table: 2 Goodness of fit results data set 1

Distributio MLE AIC CAIC BIC HQIC P-
n value
SMAPWD | 3.2398 - 4312 | 75.0143 | 75.9374 | 79.2179 | 76.3591 0.480
3.686 2 9 6 8 5 9
3
WD 3.1215 | 2.722 81.2866 | 81.7311 84.0890 | 82.1832 | 0.998
8 2 9 3 8 7
EKIWD 27162 | 2304 | 3.114 | 86.3293 88.8293 | 93.3353 | 88.5706 | 0.991
3 9 8 8 6 5 1
PGWD 7.1234 | 3.760 1.235 | 82.3267 | 83.2498 | 86.5303 | 83.6715 | 0.999
4 1 4 1 3 7
MWD 1.0541 - 84.2085 | 85.8085 | 89.8133 | 86.0015 1
0.732 1 1 3
3
TABLE:3 Goodness of fit results data set 2
Distribution MLE AIC CAIC BIC HQIC P-value
SMAPWD | 12.6129 | 10.9867 | 1.9207 | 133.278 | 133.168 | 132.961 | 130.126 0.964
WD 0.5075 3.1962 216.439 | 216.529 | 216.539 | 518.217 1.367

EKIWD 16.8382 | -0.492 | 13.1907 | 314.751 | 314.643 | 310.920 | 309.303 0.005
PGWD 27.5676 | 0.7695 | 1.0991 | 266.452 | 266.436 | 269.487 | 272.449 | 1.039¢-
08

MWD 8.9391 | 4.4233 294.981 | 294.972 | 492.891 | 487.935 | 3.3e-17

Tables 2 and 3 show that the SMAPW distribution has lower AIC, CAIC, BIC, HQIC, and log-
likelihood values than alternative fitted distributions. Figures 3 and 4 shows best results for the proposed
distribution also QQ-plot and PP-plot are included. Although certain QQ-plot values deviate from the
proposed fitted distribution line, this is typical of heavy Right-tailed distributions [24].



Sumayvia Azam et al. Semi Modified Alpha Power...... 112

Empirical and theoretical dens. Q-Q plot
= | =]
oo « =
= = ]
& o= _|
%" = o3 -
= — —
s S 2 <o
= (]
= ]
= =
= I T T T T T T 1 - T T T T T
1.0 2.0 3.0 4.0 1.5 20 25 3.0 3.5
Data Theoretical gquantiles
Empirical and theoretical CDFs P-P plot
— - —
=
oo | = -
= =1 =
. A -
8 =+ _| E’ == _]
[ o ]
— = .
=
[ ) L [ ]
= I T T T T T T T =3
1.0 2.0 3.0 4.0 00 02 04 06 08 1.0
Data Theoretical probabilities

Figure 3 : Plots for data set 1
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Figure 4: Plots for data set 2
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Conclusion

The Proposed distribution, known as the SMAPW distribution, is introduced using alpha power Weibull
distribution. The transformation adds skewness to a family of distribution functions. Various features
of the distribution have been derived, including moment generation. Topics covered include probability
function, order statistics, median, mode, MGF and Shannon entropy expressions. The maximum
likelihood estimation approach was used to obtained the optimum unknown parameter estimates. The
proposed distribution performed on other Weibull distributions on two real datasets and the results were
satisfying.
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