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Abstract

In this work, we examine the Ulam stability of finite-dimensional quadratic
functional equation (briefly Fun. Equation) in Banach spaces and Banach
algebra by utilizing fixed point and direct approaches. Within the context of
this quadratic functional equation, as an illustration of the stability of the
equation will be regulated by products and sums of powers of norms, we
present several instances.
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1 Introduction and Preliminaries

Since Ulam [24,25] initially posed the issue of the approximate stability of group homomorphisms in 1940,
the concept of stability in Fun. Egs. has grown into a significant field of research. As a result of Hyers [7]
in 1941 proof that additive mappings may be stable, the question posed by Ulam was promptly answered,
and the idea of Ulam stability was started. Fuzzy and intuitionistic fuzzy spaces are the latest extensions of
this generalized theory, which has been applied to metric spaces, Banach spaces, and other functional
equations and mathematical frameworks in recent years. Revelations into the estimated characteristics of
solutions in complex spaces are gained through studying Ulam stability for various functional equations,
which is important for theoretical and applied mathematics.

The outcome of Hyers is made longer by Aoki [1] by assuming that the Cauchy differences are not
limited. As shown by Rassias [14, 15], the additive mapping. The result of Rassias was summed up by
Gavruta [6].

In [19], the author Skof demonstrated the stability of quadratic fun. eq.

g(x, +x,)+ g(x, —x,) = 2g(x,) + 2g(x,) (1.1)
in Banach space. Cholewa [3] generalised the Skof’s outcome for abelian groups. Then,Skof’s [19] result
was generalised by many mathematician on many spaces (see [2, 9, 11]).

Numerous researchers have investigated IFN-spaces and IF2N-spaces (Ref. [4, 15, 16, 20]).
Numerous scholars have investigated the Ulam-Hyers stability of fun. eqs. in IFN-spaces (see [8, 13, 14,
21-23)).

Since an example of a fun. eq. the quadratic fun. eq. has received a lot of interest. Since
quadratic fun. egs. have applications in dynamical systems and approximation theory, among
others, studying their stability is an important mathematical issue. Ulam stability of the quadratic
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fun. eq. in IFN- spaces and 2-Banach spaces, two frameworks that provide different views on
stability, are the main topics of this research. We can study stability in a broader context by using
a 2-Banach space, which is an extension of the traditional Banach space. In contrast, IFN-spaces
build on the traditional idea of fuzzy spaces with acceptance and rejection levels, offering a more
robust mathematical framework to represent the approximation character of findings. Subsequent
to this groundwork, substantial strides were achieved in proving stability for quadratic fun. egs.
in broader frameworks such as 2-Banach and IFN-spaces.

In [5], Gahler introduced the notion of 2-Banach spaces has offered a framework for investigating
stability in spaces when certain generalised requirements are satisfied by norms. Since then, stability
researchers have turned to 2-Banach spaces for their capacity to capture multidimensional norm structures
in a flexible and broad way. 2-Banach spaces were recently shown to be useful for exploring the stability of
complicated fun. egs., like the quartic fun. eq. (see. [5,7,10]).

Another way that stability theory has grown is through the use of intuitionistic fuzzy normed spaces.
These spaces provide a more complex of stability, especially in domains where approximation and fuzzy
logic are important, by adding a new parameter to reflect membership and non-membership degrees. Jung
and Rassias showed how IFN-spaces may be used to analyse stability for different types of functional
equations. These spaces offer a more robust mathematical framework that can handle the inherent
uncertainty and variability in solution sets.

In order to demonstrate that fun. egs. are stable, the fixed point approach has been utilised
extensively. This is due to the fact that Banach’s fixed point theorem offers a solid framework for
determining the convergence of approximate solutions [7]. Fixed point hypotheses have been shown to be
useful in demonstrating Ulam consistency in a variety of mathematical situations, as proved by a number of
research, such as those carried out by Radu [18]. Fixed point approaches may not be applicable to fun. egs.,
but the direct approach is still an acceptable alternative. By using functional form-specific inequality and
approximation, authors can derive stability constraints using the direct method.

In conclusion, although the fixed point and direct approaches have both demonstrated their efficacy
in analysing the Ulam stability of fun. egs., the application of both approaches to 2-Banach and IFN-spaces
provides a novel viewpoint on quartic functional equations for the first
time. Through the application of both fixed-point and direct approaches, the purpose of this study
is to contribute to the existing body of research on functional stability in generalised mathematical spaces.
This will be accomplished by conducting a systematic analysis of the Ulam stability of quadratic fun. eqs.
in these spaces.

The purpose of this work is to examine the Ulam stability of a finite-dimensional quadratic fun. eq.

n

Dogls;+s)+ D, gls,—s,)=(2n-2)> g(s,) (1.2)

i<i<j<n i<i<j<n i=1
where n > 2, in Banach spaces and Banach algebra by utilizing fixed point and direct approaches.
Within the context of this quadratic fun. eq., as an illustration of the stability of the equation
can be regulated by products and sums of powers of norms, we present several instances.

Theorem 1.1. [14] Let (G, d) be a generalized complete metric space and a strictly contractive
function Q : G — G with L < 1. Then, for every v, €G , either

d(Q"v,, Q" v)) =0 ,m>m,;
or there is an interger m, > 0 fulfills
() d(Q"v,, Q"™ v)) <0 ,m>m,;

(ii) the sequence {Q"*'v,}, | converges to a fixed point V1* of Q;

(iii) vl* is the only one fixed point of Q in G~ ={v, eG/d(Q""v,,v,) <o ;
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* 1 .
(iv) d(v,, v, ) Sﬁd(sz,vz),forevery v,eG ,
Where L is a Lipschitz constant.

2 Solution of (1.2)
Theorem 2.1. If a function g : S — T fulfills the equation (1.2) for every s,,5, §5.....5, €5 , then

g : S — T fulfills the equation (1.1) for every s, t€S.

Proof. Let g : S — T fulfills the equation (1.2). Setting (s, = 5,5, =5,5; =......s, =0)) in (1.2), we get
g(0) = 0. Now, setting (s, = 5,5, =5,5; =......5, = 0)in (1.2), we get g(—s) = g(s) for all se.S. Therefore,
g is an even function. Substituting (s, = s,s5, = 5,5, =......s, =0), we obtain g(2s) =4g(s), and so on for
every seS.. For any positive integer b, we have g(bs) = b’g(s) for all seS. Then applying
(s, =5,5, =5,8; =....5, =0) in (1.2), we attain (1.1).

Banach Space Stability Results for (1.2)

Let us assume that T is a Banach space and S is a normed space in this context. In order to
facilitate notational convenience, we define a function denoted as Dg: S — T.

Dg(s,5;m5,) = Yals, +5)+ Y g5, —s,)-(2n-2)Y ()

i<i<j<n i<i<j<n

for every s,,5, §5....5, €5
2.1 Stability of (1.2): Direct Method

Theorem 2.2.
Let j=%1.Leta function & :S" — [0,0) Satisfies

kj kj kj
a(2”s;,2Ys5,...27s,)

lim, 2 0 (2.1)
For every s,,5,5;5....5, €5 . Let Dg:S —T be a function fulfilling
HDg(sl,sz,...sn) ||S a(S),8,5,....5,) (2.2)
For every s,,s, s;.....5, €S then there exits only one quadratic function: Q:S — 7 satisfying
1 1(25s)
$)—0(s) || 23
| g()-0(s) | 2('1—1);1 e (2.3)
2
a(s,s,s,...s )
where p(s)= —— (2.4)
n
for every s€.S.The mapping Q(s) is defined by
) (2's
O(s) =lm, g2—2]) (2.5)

for every seS.
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Proof
Assume that j=t+1. Setting (s, =5, =5, =......5) in (2.2) , we arrive
2
2n(n—1) g(S)—% | < a(s,s,..s) (2.6)
for every se.S. From (2.6) that
al(s,s,...s
g(zs) R 2.7)
2n(n—1)

for every se.S.Switching s by 2s and dividing by 27%in (2.7) , we reach
829 gy | p2)

2* 22 1 2°2(n-1) 25)
for every se.5.Adding (2.7) and (2.8) , we obtain
2

for every seS.For any mteger [>0,We generalized that

g(2's) L u2ts)
o) =50 _1) Z

221 22k
g(2's) _ p(2's)
EERl Ry _1) Z e 29)
g2's).

for every s€S.To show that is convergence sequence , switching s by 2" s and dividing 2*” in

22

. g2""s) g(2"s) p(2""s)
2.9) , for g,m>0, we arrive < —)OaS m —> o
( ) q 22(q+m) 2 || (2n 2) Z(; 22(k+m)

(2.10)
g(2's) . , . .
for every seS. Thus Y is a Cauchy sequence. As the result, T is complete , there is a function
. . g(2%s)

Q:S§ > T fulfilling O(s)=lm , , o

for every s e S.Taking limitg — o in(2.9) , we obtain (2.4) valid for every s €S

2m 2m 2m 2m
To show that Q fulfills(1.2) , switching 8515825550005, by 275,275,277 ... 27" s

2m
and dividing 2 in (2.2), we reach

1 1
27”Dg(22”’s,22ms,22'"s, ....... 2%"s) || Sﬁ (275,27 5,2°"s,....... 2%"s)

for every s4,S5,...,S, € S. Taking the limit m — oo in above inequality, we obtain that Q(s4, S5,...,S,) =
0. Hence Q satisfies (1.2) for every sq,S5,...,S, € S. To show that Q is the only one solution. Let R(s) be
the another quadratic solution which fulfilling (1.2) and (2.4), then
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I1Q(s) = R(s) 1< o5 sz {I1Q(2™s) —g(2™s) Il +1l g(2™s) —R(2™s) I}

|J.(2k+m
= 2m= 1)2 Q2tem  0asmo e

for every s € S.Hence Q is the only one solution. For j = —1, we can demonstrate an equivalent stability
finding.

Corollary 2.3. [10] If a mapping Dg:S — T satisfies

P,

p{r=1lls:lI?},
<
IDg(s1,52,...,sp)Il < p{I12, lIs, 1173, (2.11)

p{Te=1llscll* + Xr=qllscl™}.

for every s4,S5,...,Sy € S. Then there is only one quadratic function Q: S = T fulfilling

2p
3n[(n-1)|
2 a
n(n—ﬂllszllz—zal; a#2
Ig(s) = QI <y " ppspan L2 (2.12)
n(n—1)2?—zan;’ a7}
2(m+DplIs|*" 2
n(n—1)|22-22n|’ a¥ n’

for every s € S, where p and a are in R*.
2.2 Stability of (1.2): Fixed Point Technique

Theorem 2.4.Let a mapping Dg: S — T for which there is a functiona: S™ — [0, 0) with

Ks, ns,msn,
fim L2 2l )_y (2.13)

k- uh

2ifi = 0; )
wheren; = { %i fi=1, fulfilling

IDg(s1,52,83, -+, sl < a(s1,82,83,---,5n) (2.14)

for every s4,55,S3,...,5y € S. If there is L = L(i) fulfills

v(s) = ﬁa@,%, ,%)

has the property
v(ms)
e = Ly(s) (2.15)

for every s € S, then there exists only one quadratic function Q: S — T satisfying (1.2) and

lg(s) — QI < oy (o) (2.16)



K. Punniyamoorthy et al. Ulam Stability Of Finite Dimensional....... 1766

forevery s€S.

Corollary 2.5.[10]
If a function Dg:S—T Such that

P

oSkl

Dg(s,,s,,..... < n a 2.17
” 2(8),855000025,) p{711||ST|| }, ( )

ol Bl Sl )
For every s,,5, 5;.....5, €5 .Then there is only one quadratic solutiont :§ —7 fulfilling
2p
3n |n - 1|
20"
n(n-12* -2¢|
an ) (2.18)

; at—
n

a#+2

| g(s)-0(s) |<

2p||s
n(n—D2* -2
2An+Dp|s|” 2
D a#E—

n(n-1j2> -2

n

Forevery s € S .where p and a are in R".

Banach Algebra Stability Results for (1.2)
Here , we Consider S is a normed algebra and T is Banach algebra.

2.3.Stability of(1.2) —Direct Technique

Definition 2.6
Let S be Banach Algebra. A function g :S — .S is known as quadratic derivation

If the function g fulfills,

2(s,5,)=g(s,)s3)+s.g(s,) for every s,,5, € S .Also the quadratic derivation for n-variables fulfills
(8>S0 S, )=8(8,) S5 e S +5.8(5)) S5 oS F e, +5.55 0 g(s,)

For every s,,5, 5;5....5, €5 .

Proposition 2.7.[10] Let j=x1 .Let a mapping Dg:S — 7T for which there is function

o, :S" —[0,0) with

ia(2kjsl,2kjs2, ...... 295 ) . a2Vs,,2Ys,,.....2Ys))
02k convergesin Rand =~ 7~ D2k

k=0
iﬁ(ijsl,Zk’sz, ...... 295 ) . (295,295,295 )
k=0

2k converges in R and ke 22k
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||Dg(sl,sz,s3,...sn) <a((s,,8,,8;,....5,) and

HDg(sl,sz,s3,...sn)—Dg(sl) 52082 =8I Dg(8,) S7eii S — em 51 S, sf....stg(sn)HS,B((sl,S2,s3,...sn)
for every s,,5,,....5, €5, then there exits only one quadratic derivation mapping Q :S —>T

z u(2"s)

2k
= 2
P
2

Satisfying (1.2) and H g(s)—0(s) ”S 2n—1)

a(s,s,s,...s )
where p(s)= ———

for every s€.S.The mapping Q(s) is defined by
. (2Y5)
O(s) =lim,.,, £

22k./
for every seS.

Corollary 2.8.
Let the function Dg:S — T such that

0
o{ Sl |
Dg(s,,5,,.....5,) < -
” (5,5, s,) p{}_[_IHST” }’

ol Al f+ 3ok
- r=1

o

and

P
o{ Sl |
T=l1

||Dg(sl,S2,S3,...sn)—Dg(sl) 530S, =8I DG(5)) SyuernSe = erm 8. S5 s32,...stg(S,1)"S p{ﬁ_]"ST"a}’

|l I+ S

for every s,,5,,....5, €S, then there exits only one quadratic derivation mapping Q :S —>T

)
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2p
3n|n - 1|
205"
n(n —1)\22 24
205"
n(n —1)\22 —2’
20+ Dpl|” 2
n(n—12% =2’

a#2

fulfilling | g(s)— O(s) <

az=
n

n

for every s € Swhere p and o are in R+.
2.4.Stability of (1.2) : Fixed point Technique

Proposition 2.9. Let j==+1.Let a mapping Dg : S — T for which there is function «,f :S" —[0,0)
with

= a(2Ys,,2Ys,,....2Y ) . a2Vs,,2Ys,,....2Ys )

Z e . m, 0 =0 and also
po 22k converges in R and 22k

= BRYs,,2Y 55,02 s,) : B2Ys,2Ys,,....2%5,)
Z = . fsoo T =0 and also
P 22k converges in R and 22ki
||Dg(s1,sz,s3,...sn) <a((s;,8,,85,...5,) and

HDg(sl,sz,s3,...sn)—Dg(sl) 52082 =8I Dg(8,) SieeeS) — eem 8., sf....stg(sn)HS,B((sl,Sz,s3,...sn)
for every s,,5,,...5, € 5.
Then there is L = L(7) <1 fulfilling

y(s)= a(i,i,....ij has the property 'B(LZ’S) =L [(s) for every s € §, then there exits only
nn-1) (22 2 :
Llfi
one quadratic solution Q: S — T satisfying (1.2) and H g(s)—0(s) ||£ " L,B(S) forevery s € S.

Corollary 2.10

Let the function Dg: X — Y such that

P
o{ Sl |
Dg(s,,8;5.....8,)< e
” 1552 p{;_[_l”sl” },

[l +3ks
r=l r=1

“
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and
P
,D{ S }’
T=1
HDg(sl,sz,s3,...sn)—Dg(sl) 53082 =5, Dg(s,) S7.ns) — .nmS]S) sf....stg(sn)HS p{ﬁ a}
st
p{ﬁ Sl. a}+ Sl. na
=l r=1
for every s,,5,,...5, €S, then there exits only one quadratic derivation mapping Q:S —>T
2p
3n|n - 1|
20|ls|”
2L
n(n—1[2* -2
fulfilling || g(s)—O(s) (< an
H ” 2,0||S
; e
n(n-12* -2 n
2+ pl”
2 an|’ a#—
n(n—1[2* -2 n

for every s € Swhere p and o are in R+.
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