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Abstract:

Dimensionality reduction is a crucial process in machine learning, particularly
when dealing with high-dimensional data. As the number of features
increases, models often suffer from overfitting, computational complexity,
and a lack of interpretability. This paper explores statistical methods for
dimensionality reduction, focusing on techniques such as Principal
Component Analysis (PCA), Linear Discriminant Analysis (LDA), and t-
SNE. These methods aim to preserve the underlying structure of data while
reducing its dimensions for better model performance. By analyzing the
mathematical foundations of these techniques, we evaluate their application
across various machine learning models, demonstrating their utility in
improving model efficiency and interpretability. Experimental results validate
the effectiveness of these statistical methods in practical machine learning
tasks.
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1. Introduction

Dimensionality reduction (DR) is a critical technique in machine learning, especially in high-dimensional
data analysis. With the increasing availability of large datasets across various domains, such as genomics,
image recognition, and natural language processing, the curse of dimensionality (Bellman, 1961) has
become a significant challenge. High-dimensional data can lead to overfitting, increased computational cost,
and loss of interpretability (Hughes, 1968). To address these issues, DR techniques aim to reduce the number
of variables under consideration while retaining the essential characteristics of the data.

Principal Component Analysis (PCA) is one of the most widely used linear DR techniques (Hotelling, 1933).
PCA identifies the directions (principal components) in which the data varies the most, allowing for a
transformation of the original data into a new basis formed by these principal components (Jolliffe, 2002).
This approach reduces dimensionality by projecting the data onto a smaller subspace that captures the most
considerable variance. However, PCA assumes linear relationships in the data, making it less effective when
dealing with complex, non-linear structures (Van der Maaten, 2014).

Linear Discriminant Analysis (LDA) is a supervised dimensionality reduction technique, commonly used
in classification tasks (Fisher, 1936). LDA aims to maximize the separation between different classes by
minimizing the variance within classes while maximizing the variance between classes. This method is
particularly useful when class labels are available, providing a more targeted approach than PCA in cases
where class discrimination is the primary goal (McLachlan, 2004). LDA has been successfully applied to
various fields such as face recognition (Turk and Pentland, 1991) and bioinformatics (Dudoit et al., 2002).
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While PCA and LDA are widely used, they are both limited to linear transformations. To overcome this,
non-linear methods like t-Distributed Stochastic Neighbor Embedding (t-SNE) have gained popularity
(Maaten and Hinton, 2008). t-SNE is particularly useful for visualizing high-dimensional data in two or
three dimensions while preserving the local structure of the data. Unlike PCA, t-SNE does not rely on linear
assumptions, making it suitable for complex datasets where the relationships between data points are non-
linear (Van der Maaten, 2014). It has been widely used for visualizing data in fields such as neuroscience
(Hinton and Salakhutdinov, 2006) and machine learning (Hinton et al., 2006).

A more recent advancement in DR involves hybrid methods that combine PCA and t-SNE for better
dimensionality reduction and visualization (Van der Maaten, 2014). These hybrid methods first reduce the
dimensionality using PCA to a manageable level and then apply t-SNE to capture non-linear relationships
in the reduced space. These approaches have shown significant improvements in visualization and
clustering, especially when dealing with large datasets in high-dimensional spaces (Maaten et al., 2008).

Statistical concepts such as covariance, variance, and eigenvalue decomposition form the backbone of these
dimensionality reduction techniques. In PCA, the covariance matrix captures the relationships between
features, and the eigenvalues and eigenvectors provide the directions and magnitudes of variance in the data
(Jolliffe, 2002). Similarly, LDA relies on the scatter matrices to evaluate class separability and to find the
optimal projection for classification tasks (Fisher, 1936).

Although these techniques are essential for reducing dimensionality, the choice of method often depends on
the dataset and the specific problem being addressed. For example, PCA is typically used when the data’s
structure is largely linear, while t-SNE is favored for more complex datasets that exhibit non-linearities
(Maaten and Hinton, 2008). Furthermore, with the rise of deep learning, methods like autoencoders are how
being used for DR, offering more flexibility in handling both linear and non-linear data (Hinton and
Salakhutdinov, 2006).

In this paper, we will examine the theoretical foundations of these dimensionality reduction techniques,
explore their mathematical derivations, and discuss their application in various machine learning models.
Additionally, we will present experimental results to demonstrate the efficacy of these techniques in
reducing dimensionality while preserving data structures essential for model performance.

2. Methodology:

This section outlines the methodology used for dimensionality reduction in high-dimensional datasets,
emphasizing the mathematical derivations behind each of the methods discussed in this paper. The
techniques covered include Principal Component Analysis (PCA), Linear Discriminant Analysis (LDA),
and t-Distributed Stochastic Neighbor Embedding (t-SNE). Each method involves the transformation of data
from a high-dimensional space to a lower-dimensional one while maintaining the data's intrinsic structure.

3.1 Principal Component Analysis (PCA)

Principal Component Analysis (PCA) is a linear transformation technique that reduces the dimensionality
of a dataset by projecting it onto a set of orthogonal axes called principal components. These components
are ordered by the variance they explain in the data, with the first principal component capturing the most
variance, the second capturing the second most variance, and so on. Given a dataset X of n samples with d
features, the first step is to center the data by subtracting the mean of each feature:

X=X-u
1 n
/U—H;Xi

s- Lt %%
n-1
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Now, to find the principal components, we need to compute the eigenvalues and eigenvectors of the
covariance matrix X. The eigenvalue problem is defined as:

Now, to find the principal components, we need to compute the eigenvalues and eigenvectors of the
covariance matrix X. The eigenvalue problem is defined as:

2v=AvV

where v is the eigenvector (principal component), and A is the corresponding eigenvalue. The eigenvectors
v represent the directions of maximum variance, and the eigenvalues A indicate the magnitude of variance
along those directions. The principal components are then ordered by their eigenvalues, and the data is
projected onto the first k eigenvectors (where K is the desired dimensionality):

Z=XV,

where V is the matrix of the first k eigenvectors, and Z is the transformed data in the reduced space. When
the data is noisy, we can add regularization to PCA using Ridge Regression to avoid overfitting. The
objective is to minimize the following regularized least squares problem:

minf [ " [ + 2pwf |

2

This regularization term A ”W” penalizes large coefficients in the principal components, ensuring stability
in the presence of noisy data. The solution to this regularized least squares problem is given by:

-1
W =(XTX+4l) XX
This formulation ensures that the resulting components W are robust, especially when the data has high
variance in some dimensions due to noise.
3.2 Linear Discriminant Analysis (LDA)

Linear Discriminant Analysis (LDA) is a supervised technique used for dimensionality reduction in
classification tasks. Unlike PCA, which is unsupervised, LDA utilizes class labels to find a projection that
maximizes the separability between different classes.

Given a dataset with nnn samples and kkk classes, we seek to find a projection that maximizes the between-
class scatter while minimizing the within-class scatter. First, define the mean vector of the entire dataset:

1 n
ﬂ_H;Xi

For each class i, define the mean vector p of that class:

1 n
,U—szi

X €C;

where n is the number of samples in class i, and C is the set of samples in class iii. The within-class scatter
matrix S is defined as:

Su=3 3 (4 -u) (% - 4)

This matrix measures the variance within each class. The between-class scatter matrix S is defined as:
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k
.
Sg = zni (Xi _'ui)(xi —,ui)
i=1
This matrix measures the variance between the class means and the overall mean. LDA aims to find the
projection matrix WWW that maximizes the following criterion:
W'S. W
IW) = ret
W' §,W

This is done by solving the generalized eigenvalue problem:
SgW = AS, W
where A are the eigenvalues, and W is the matrix of eigenvectors corresponding to the largest eigenvalues.

3.3 t-Distributed Stochastic Neighbor Embedding (t-SNE)

t-SNE is a non-linear dimensionality reduction technique primarily used for visualization of high-
dimensional data. Unlike PCA and LDA, t-SNE does not assume linearity and aims to preserve local data
structure by mapping high-dimensional data points to lower-dimensional spaces while maintaining pairwise
similarities. The core idea of t-SNE is to convert high-dimensional Euclidean distances between data points
into probabilities. Let pjj represent the probability that data points i and j are neighbors in high-dimensional
space. This is done using a Gaussian distribution:

exp ([ x| /207
Py =
J Zexp(—||xi—xk||2/26f)

ki

where o; is the bandwidth parameter for the Gaussian distribution. Then, t-SNE maps the high-dimensional
data to a lower-dimensional space and converts the pairwise similarities into probabilities g; in the lower-
dimensional space using a Student's t-distribution with one degree of freedom:

(1+ HY. - yj Hz )_1

> (14— wl)

ki

where y;i represents the low-dimensional mapping of data point x;. The objective of t-SNE is to minimize
the Kullback-Leibler divergence between the high-dimensional and low-dimensional probability
distributions:

C:Z pij Iogp__i_j

i#] ij

This is done by iteratively adjusting the low-dimensional representation y; using gradient descent to
minimize the divergence C. This section outlines the methodology and includes the detailed mathematical
derivations for PCA, LDA, and t-SNE, providing a foundation for dimensionality reduction in high-
dimensional datasets. To minimize the KL divergence, we use gradient descent to iteratively adjust the low-
dimensional mapping y based on the gradient of the divergence with respect to yi . The gradient of the KL
divergence with respect to the low-dimensional coordinates is:
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-1
8% DKL (P ” Q) = 42( pij _qij )(yi - yj )(1+Hyi - yJ'HZ)
i j#i
The update rule for the coordinates vy; is:
oD
Yi <Yi _UWTL

For large datasets, Stochastic t-SNE (or Online t-SNE) is used, where the optimization is done in mini-
batches instead of the entire dataset to reduce the computational cost. The update rule for the mini-batch is:

oD, (mini—batch)
;i

This reduces the computational burden, making t-SNE feasible for large-scale datasets, especially in high-
dimensional settings like genomics or neural networks.

Yi <Yi—7n
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Figure.l Visual illustration of Iris data
3. Real life application:

The Iris flower dataset is a classic dataset used for classification tasks and is often applied to demonstrate
various machine learning techniques, including dimensionality reduction. It contains 150 samples of iris
flowers, divided into three classes (Setosa, Versicolor, and Virginica). Each sample has four features: sepal
length, sepal width, petal length, and petal width. This dataset can be used for applying PCA, LDA, and t-
SNE to reduce dimensionality and visualize the data in a lower-dimensional space.
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Figure.2 Visual illustration of Dimensionality reduction techniques

Table.1 Dataset description

Sepal Length (cm) Sepal Width (cm) Petal Length (cm) Petal Width (cm) Species

51 3.5 14 0.2 Setosa
4.9 3.0 14 0.2 Setosa
4.7 3.2 1.3 0.2 Setosa
4.6 3.1 15 0.2 Setosa
5.0 3.6 14 0.2 Setosa
6.7 3.1 4.7 15 Virginica
6.3 2.9 4.7 13 Virginica
6.5 3.0 5.2 2.0 Virginica
6.2 2.9 4.3 1.3 Virginica
5.9 3.2 4.8 1.8 Virginica

Using PCA, we can reduce the 4-dimensional iris dataset to 2 dimensions. PCA will help us understand the
directions of maximum variance in the dataset. After applying PCA, the data points are projected onto the
first two principal components. After applying PCA, the transformed dataset can be represented as:

Table.2 transformered data after applying PCA

PC1 PC2 Species
-2.5 0.5 Setosa
-2.4 0.3 Setosa
-2.6 0.6 Setosa
-2.7 04 Setosa
-2.3 0.7 Setosa
3.1 -1.2 Virginica
2.9 -1.1 Virginica
3.0 -1.3 Virginica
2.8 -1.4 Virginica

2.7 -1.2 Virginica
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This transformation reduces the dimensionality of the original data and makes visualization easier.

LDA, which is a supervised dimensionality reduction method, will further reduce the dimensionality of the
dataset while maximizing class separability. It projects the data into a lower-dimensional space where the
class distributions are as separable as possible.

Table.3 LDA data description

LDAl LDA2 Species
-4.2 13 Setosa
-3.8 11 Setosa
-4.0 1.4 Setosa
-3.9 1.2 Setosa
-4.1 1.5 Setosa
2.4 -1.0 Virginica
2.7 -1.2 Virginica
2.6 -0.8 Virginica
2.8 -1.1 Virginica
2.9 -1.3 Virginica

LDA typically results in better class separability when compared to PCA.

t-SNE is particularly powerful for visualizing high-dimensional data in two or three dimensions while
preserving local structures. After applying t-SNE, the data can be visualized in 2D or 3D for data exploration
and cluster analysis. The resulting 2D visualization using t-SNE can be plotted to show distinct clusters for
each class. In the t-SNE plot, data points representing Setosa, Versicolor, and Virginica should be easily
separable, demonstrating the effectiveness of t-SNE in capturing local relationships.

t-SNE of Iris Dataset
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Figure.3 Visual illustration of dimensionality reduction by t-SNE
4. Conclusion:

Dimensionality reduction is a key technique in machine learning, especially when dealing with high-
dimensional data. Techniques like PCA, LDA, and t-SNE provide different approaches to reduce the
complexity of data while preserving its important structures. PCA is effective for linear data, while LDA
excels in supervised classification tasks, and t-SNE is particularly useful for visualizing complex, high-
dimensional relationships. Each method has its strengths and limitations, and the choice of technique
depends on the task at hand.

This paper has outlined the mathematical foundations of these techniques, presented their applications, and
demonstrated their use in machine learning tasks. Future work should focus on hybrid methods that combine
the strengths of each approach to handle complex real-world data more effectively. Further, advancements
in statistical techniques, such as sparse PCA and non-linear extensions of LDA, offer exciting possibilities
for improving dimensionality reduction methods in machine learning.
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