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Abstract:

This paper investigates the optimization of pooling problems, especially the
use of the Firefly Algorithm (FA), including a Proposed FA with self-adaptive
properties, to solve the Haverly Pooling Problem in three distinct contexts.
Using MATLAB simulations, the study evaluates the effectiveness of FA and
Proposed FA in comparison to traditional optimization methods, including
MSLP, MALT, and VNS. Pooling problems involve the combination of raw
materials with various qualities to create final products that meet specific
quality criteria, a task made more difficult by the non-linear complexity of the
issue. Experiments on Haverly's pooling issues used the algorithms, and their
results were contrasted with the exact answers. While the Proposed FA gets a
near-optimal value of 400.25 for Haverly 1, making it almost undetectable
from the exact solution, the exact answer is 400. Haverly 2's exact answer is
600; the Proposed FA, which shows a small overestimation of 0.87%,
produces 605.23. With the exact answer of 750, Haverly 3 shows strong
performance with the Proposed FA, which produces 748.96, only 0.14% lower
than the accurate solution. The findings show that in every case the Proposed
FA either exceeds or closely matches the exact solution, outperforming rival
algorithms like MSLP, MALT, and VNS, which showed more variation. The
Proposed FA's use of a self-adaptive step size improves the exploitation and
exploration of the search space, hence producing very precise outcomes. This
study finds that the Proposed FA is an effective optimization tool for solving
pooling issues, showing improved performance compared to traditional
optimization methods.

Keywords: pooling problem, firefly algorithm, Haverly’s pooling problems,
error analysis.

1. Introduction
Numerically, the optimization problems are in general form can be composed as:

mi%é( fi(x), (=123..,M), (1)
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Where f;(x), h;j(x) and g (x) are elements of design vector x = (xy,Xz,X3, ...,Xq)". Here the components
x; of x are known as they may be real, continuous, discrete and variable of design or decision or the
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combination of both [1-5]. Functions f;(x) here i = 1,2,3, ... m are known as objective function otherwise
essentially cost function, there is only one objective in case M = 1. The decision variable's coverage area is
referred to as the RY design space or research space, created with the objective function's value which is
referred to as the space of answer or solution space. The constraints are the equalities for h; and inequalities

for gy [6-7]. Essentially in numbers of constraints ] + K, we can also categorize optimization. There is no
constraint at all in any case, ] = K = 0, it is recognized that at that point as an unconstrained optimization
problem. If ] = 0, K = 1, become an inequality-constrain problem. where asK =0, ] = 1 it’s called an
equality-constrain problem. It's worth mentioning that equalities aren't clearly specified in certain
formulations of the literature optimization, and only inequalities are supplied. Because of this, it is possible
to define equality as two inequalities. h(x) = 0, for example, is identical to h(x) <0 and h(x) = 0.
Equality limitations, on the other hand, have unique characteristics that need specific treatment. One
disadvantage which is the quantity of meeting in the search space, equality is virtually zero, making it
extremely hard to get sample point to perfectly fulfill the equality. In reality, any type of authorization or
allocation is employed [8-10].

We may also utilize the actual function processes for categorization [11-15]. Linear or nonlinear objective
functions are possible. It becomes a linear issue when all of the restrictions h; and gyare linear. If all of the

constraints and goal functions are linear, the issue becomes a linear programming issue. The term
"programming" here does not refer to computer programming; rather, it refers to planning and optimization.
In general, if all f;, h;, and giare nonlinear, we're dealing with a nonlinear optimization issue [1-5].
Introduced by Xin-She Yang in 2008, the Firefly Algorithm (FA) is a nature-inspired optimization tool.
Inspired by the flashing behavior of fireflies, which exhibit unique light emission patterns for
communication and mate attraction, it is a metaheuristic optimization algorithm. Every firefly's brightness
indicates the quality of the solution for a particular optimization problem. Aiming to find the optimal
solution inside the search space [16], the fireflies are attracted to one another depending on the degree of
their luminosity.

Especially good at handling complex, high-dimensional, non-linear optimization problems is the FA; such
problems occur in pooling scenarios where traditional optimization techniques could find it difficult to locate
the global optimum. Driven by the intensity of their brightness, the technique works by gradually changing
the positions of fireflies within the search space. The proximity between each firefly and its relative
luminosity determines its appeal, which then suggests the quality of the solution it represents. Usually when
the algorithm converges to a sufficiently optimal solution, this iterative process continues until a defined
stopping criterion is met. Some recent practical applications of metaheuristics are reported in [17-29].

The Firefly Algorithm's main characteristic is its simplicity and flexibility. Unlike gradient-based methods,
which often struggle with non-convex or multi-modal objective functions, the FA does not require
derivatives of the objective function and can efficiently handle challenges with several local optima. This
makes it a useful tool for tackling complex, real-world problems where finding the global optimum is
challenging. The FA has been successfully applied in several fields including engineering design, machine
learning, image processing, and financial modeling [16, 30].

The Firefly Algorithm's (FA) basic processes are the generation of an initial population of fireflies at random
locations, evaluation of their fitness in line with the goal function, and progressive position adjustment based
on light intensity and the relative locations of other fireflies. Two main components of the updating method
are attraction—where fireflies draw towards brighter counterparts—and randomization, which promotes
diversity and prevents early convergence. Driven by the brightness of their luminosity, the fireflies slowly
gather around the optimal solution.

The ability of the Firefly Algorithm to handle large-scale optimization issues, non-linear, non-differentiable,
and non-convex nature of the objective functions makes it an interesting option for handling pooling
problems, where traditional approaches could struggle. This study shows how the FA can produce globally
optimal solutions and looks at its application to pooling issues, particularly those connected to the mixing
of raw materials with varying quality.

Pooling problems are a kind of optimization difficulty seen in industries where raw materials or ingredients
with varied qualities must be combined to create a finished product meeting certain quality standard. These
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problems are prevalent in food processing operations, chemical manufacture, and petroleum refining. The
challenge is in the non-linear dynamics of combining many sources or inputs with different characteristics
to meet production and quality criteria. In petroleum refining, crude oils with varied sulfur levels are mixed
in a reservoir and the resulting combination has to meet the sulfur content criteria for various end products,
including gasoline and diesel.

A classic example of a pooling problem is the one described by Haverly (1978), which was among the first
to acknowledge the complex, non-linear nature of such problems. Haverly's conundrum combines many
crude oil streams to create two refined products, each with specified sulfur content requirements [31]. The
goal of the optimization task is to determine the optimal amounts of each crude oil to mix in order to
maximize total profit, thereby following restrictions on sulfur content in the products and the availability of
raw materials. Though relatively simple, this formulation revealed the complexity natural in pooling issues
including the presence of several local optima and the difficulties of finding a global optimum using
traditional methods [32].

Attributed to bilinear components in the governing equations, the non-convex character of these issues
suggests that conventional optimization techniques including linear programming would not effectively find
the global optimum. As a result, there is growing interest in using global optimization methods that can
more effectively address the challenges generated by pooling. Among the recent approaches, the Firefly
Algorithm (FA) has shown significant promise. Derived on the flashing behavior of fireflies, the FA is a
metaheuristic optimization technique whereby the flash intensity affects the firefly's appeal, guiding it
toward better solutions. Including pooling, this strategy has been successfully used to several optimization
problems, including non-linear, multi-modal, and combinatorial ones.

This paper looks at how the Firefly Algorithm may be used on pooling issues, especially with regard to
Haverly's case studies requiring optimal mixing techniques under several environments. The goal is to show
how well the Firefly Algorithm overcomes the limitations of traditional approaches and achieves globally
optimal solutions. We will outline the formulations of Haverly's pooling problems, investigate their
nonlinear characteristics, and look at how the Firefly Algorithm can be adapted and applied to these
problems to find solutions that traditional approaches might overlook.

2. Firefly Algorithm

Soft computing includes several computer techniques, including neural networks, fuzzy logic, evolutionary
algorithms, chaos theory, among others. One of the most promising fields of artificial intelligence, Swarm
Intelligence (SI), has seen notable relevance and popularity in recent years. The study of the behaviors of
insects, worms, bees, fireflies, and aggregations of birds and fish inspires further Sl field research. The
coordinated activities of these companies show that by working together they can achieve their preferred
goal [33-36].

Inspired by firefly behavior, Xin-She Yang created a new meta-heuristic algorithm called the Firefly
Algorithm (FA) [37]. It relates totally to natural stochastic processes. It can handle issues like NP-Hard
optimization. After looking over the collection for possible answers, this approach uses some randomization.
Shows the fundamental structure of the firefly algorithm. Aiming to find the answer, the trial-and-error
approach reflects a heuristic character. In certain cases, this does not ensure the best response [38].

2.1 Standard Firefly Algorithm
To create firefly-inspired algorithms, we can now idealize few of the strobes features of fireflies. We now
use the suggestions below idealized guidelines for simplicity in defining the regular FA:

Pseudo Code: Firefly Algorithm
Objective function F(x),x = (X1, ...,Xq) " .
Create primary n fireflies’ population x;(i = 1,2, ...,n).
Light intensity [; at x;is resolute by F(x;).
Define light absorption coefficient .
while(t < MaxGeneration),
for i = 1:n (all n fireflies)
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for j = 1:n (all n fireflies) (inner loop)
if (I <Ij)
Move firefly for i towards j.
end if
Vary attractiveness with distance r via exp [—yr?].
New solutions should be evaluated, and light intensity should be
updated.
end for j
end for i
Rank the fireflies to determine which are the greatest in the world right
now.g..
end while
Results of the post-production and visualization.

1. Because all fireflies are unisex, one firefly will be attracted to another firefly regardless of gender.

2. The attractiveness of anything is related to how brilliant it is of a firefly. Therefore, the one that is less
brilliant would gravitate towards the one that is brighter for any two flashing fireflies. The attraction is
related to brightness, both of which diminish as the distance between them grows. It will travel at
random if no one is brighter than a single firefly.

3. The landscape of the goal function influences or determines the brightness of a firefly [39-44].

For example, the brightness might simply be proportional to the goal function's value an optimal solution.

Other functions, comparable to the fitness function in genetic algorithms, types of brightness can be

described. The FA's fundamental stages may be summed up in the pseudo code given above based on these

three rules [45-48].

2.2 Proposed Firefly Algorithm

Renowned for their research on the human decision-making process, Boyd and Richerson typically integrate
[36] this process into their work. One's own experiences and those of their neighbors. The other option is
the present state. Inspired by this idea, we use it to control the motion of every firefly, so guiding its
investigation inside the search space.

Self-Adaptability Property: Distinct difficulties, fireflies, and environmental elements should guide stage
sets. Based on these ideas, a method is suggested that creates a framework dependent on every firefly's
particular experience and present situation. Keeping a small size is the best strategy for the Firefly stage. In
the same vein, the firefly stage has to be raised, much more distant from the ideal answer. Fireflies are used
to balance the global search and local search between the above two. One should consider the historical
relevance of the firefly stage as well as its present state. This thesis offers historical firefly data, including
ideal values from its two most current versions. The step a of each firefly is defined, depending on the
explanation and other studies, using Eg. (4) and Eq. (5), respectively [49-53]. Consider as:
1

hi(t) =

: (4)
J(fpi(t—l)—fpi(t—z))zﬂ

1
al (t + 1) a \/(fbest(t)_fi(t))z+hi(t)2+1, (5)
Where h;(t) is the historical detail of ith firefly for past two iterations. The worth of the best in terms of
fitness ith firefly solution is fp;. fyes:iS the f; is the fitness value of ith, which represents the current
knowledge, and f; is the fitness value of the best solution of population here to be discovered. Each firefly's
the next iteration step is self-adaptive, defined by the distinction between its most recent fitness value and
the best fitness value of the population. So, each firefly's stride might change with each iteration, and at the
same iteration, the Each firefly's step is also recorded altered.

2.3 Firefly algorithm with self-adaptive property
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Initialization: The firefly population is initialized, and their fitness is evaluated. The best fitness value

(fpest) 1s also stored, representing the global optimum.

Iterative Process:

o For each firefly, historical information h;(t) is calculated based on the difference in the fitness

values of the last two iterations.

e The self-adaptive step size a;(t + 1) is then computed using the current fitness value of the firefly,

the best fitness value in the population, and the historical data.

o Fireflies are compared based on their fitness, and the firefly moves towards brighter (better) fireflies

with a step size adjusted by «;(t + 1).

Position Update: The position of each firefly is updated by moving it towards the brighter firefly, with a

small random perturbation to maintain diversity.

Global Best Update: The best solution is updated if a firefly has a better fitness than the current best

solution.

Stopping Condition: The process continues until the maximum number of iterations is reached or another

stopping condition is met.

Pseudo Code: Firefly algorithm with self-adaptive property

Initialize the population of fireflies
Evaluate the fitness of each firefly (f;)
Set the best fitness value (f3.s:) in the population
For each iteration t = 1 to0 max;¢erations-
For each firefly i in the population, Calculate the historical information h;(t)

hi(t) = !
J(fpl(t — D) = fu(t—2)2 +1

Calculate the self-adaptive step size a;(t + 1)
1

VFpest @ — f;(©)% + ()% + 1
For each other firefly j in the population
If (fi) < (f;) (i.e., firefly i is brighter)
Move firefly i towards firefly j
Update the position of firefly i

Pi(t +1) = Pi(t) + ay(t + 1) - (P() — Pi(1)) + Re
(where R, is random effect introduces a perturbation to avoid local minima and improve
the diversity of the population)

Evaluate the fitness of firefly i (f;)
Update the global best solution

If Ul) < Ubest)
frest = fi

Store the position of firefly i as the best solution
If stopping condition met (max;terations OF CONVErgence)
Break
Return the global best solution (fy.s:) and its corresponding position Ppee;

ai(t + 1) =
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The algorithm updates the step size dynamically based on each firefly's previous fitness values and the
current best fitness of the population. This self-adaptive process helps balance exploration and exploitation
by adjusting the search radius of each firefly depending on its current performance.

3. Pooling Problems

Pooling is a scheduling issue that happens when ingredients needed to make products are mixing together.
Such as the process of mixing crude and refined petroleum Pooling takes place if sources, frequently, in a
storage tank, are mixed together and the resultant mixture is distributed to a number of sites. In the synthesis
of end products with diverse component quality specifications, the gathering and mixing of raw materials
and stored goods is a crucial stage [54].

3.1 Haverly’s pooling problem

In the famous small example by Haverly, pooling problem's nonlinear nature was first identified (1978).
Two stages of the iterative algorithm were presented to demonstrate the potential difficulty of the problem.
It entails calculating and repairing the damage intermediate pools' quality characteristics, then solving
resulting linear program, it entails estimating and fixing the Stop; otherwise, it entails updating the values
and repeating the procedure measures if the resultant attributes are the same as those predicted According
to Haverly (1978), this approach does not lead to a global optimum [55-57]. Haverly has a slight pooling
problem [58] are shown in Figure 1. Products are delivered to a single pool.

Figure 1 Pooling problem by Haverly

X
2 "1 § L
3% Sultur |
Und Cost $6 e o X
Xpq 1| Max25% Sutur
{Unit prica §9)
Pool
8 f21 X4
1% Sutfur
Unit Cost $16 Product J—» Y
f15 X220 2| Max1.5% Subwr
c o, - {Unt price $15)
Unit Cost $10

From two separate crude’s oils streams, A and B. They differ in terms of sulfur content because A and B
are different sources. A third supply C is blended directly with the two pool outputs rather than being fed
into the pool. 3 percent for A, 1 percent for B, and 2 percent for C are the efficiency criteria for the brooks
that flow into the pool. Products X and Y, which must be combined conform to Sulphur content requirements
of 2.5 percent and 1.5 percent in that order, are formed by the mixing of fluxes from the supply stream C
and the pool. The customer is determined by these constraints on the end-products X and Y. For instance,
limitations may be the maximum sulfur content in gasoline in sense of the petroleum industry. S; = 100
and S, = 200, respectively, are the Maximum demand for goods X and Y, limiting the quantity of end-
products generated [59-60].

The amounts of supply of A, B, and C, represented by the letters A, B, and C, are the variables in the
preceding example f;1, fo1, and f;,,as well as the final consistency the magnitudes of fluxes from pool
products, represented by g, and the amount of sulfur in the pool as a consequence of mixing A and B,
denoted by qx;, and x4, in that order, and quantities of supply C, denoted by x,, and x,,, respectively, for
products X and Y. From the values of the above variables, the It is simple to retrieve amounts of and end-
products, as well as their final properties. On basis of assumption of a linear mixing model, it is then possible
to formulate the problem in Figure 1 as
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Minimize f = 6f;1 + 16f51 + 10f;5 — 9(x11 + x31) — 15(x15 + X32) (6)

Subject to

fir+ fa1— %11 — %12 =0 (7)

fiz —Xx21+x2, =0 (8)
q(x11 +x12) = 3f11— f21 =0 9)

qx11 + 2x21 — 2.5(x11 + %21) <0 (10)
qxX15 + 2x95 — 1.5(x15 + x55) <0 (12)

X11 + X21 < 51 (12)

X12 + X292 < Sz (13)

The Eq. (6) reflects the gap between the cost of input streams and the profit margins on items sold. Mass
balances are expressed by equations (7) and (8). The pool quality sq, is expressed by Equation (9) in terms
and of the input streams their characteristics. The consistency constraints on products are expressed by the
equations (10) and (11). Finally, (12) and (13) ensure that no demands are met by the flows.

Constraints with bilinear terms (7-11) describe the issue of non-convexities most important to several local
optima being available. Problem (6-13), for instance, has an objective function of 0 and has infinite local
solutions, a local minimum of —100 with an objective function, and a single global optimum of —400 with
an objective function. Typical nonlinear-programming method can therefore a large amount of sub-optimal
solution, and for such problems. We need to investigate global optimization methods [60-64].

Problem 1: Haverly’s pooling problem - Case |

Problem Formulation

Maximize Profit = 9x+ 15y — 64 — 16B — 10(Cx + Cy)

Subject to
P.+P —A-B =0
x—P—C, =0

y—-PB—-C, =0
p.P, + 2C,— 2.5x <0

p.P, + 2C, — 1.5x <0

p-P, + pB,— 34— B =0

x < 100

y < 200

wherep =1,B =P, =C, =100,y = 200

Figure 2 Pooling problem by Haverly - Case |
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e

Test Problem 2: Haverly's Pooling Problem - Case 11

Problem formulation
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The formulation for this problem is the same as for Test Problem 1 except that the upper bound on the
product x is changed. The complete formulation is as follows:
Maximize Profit = 9x+ 15y — 64 — 16B — 10(Cx + Cy)
Subject to

P,+P,—A-B =0

x—P,—C, =0

y—-PB—-C, =0

p.P. + 2C,— 25x <0

p.P, + 2C, — 1.5x <0

p.P, + p.P,— 34— B =0

x < 600

y < 200

wherep =3,A=P, = C, =300,y = 600

Figure 3 Pooling problem by Haverly - Case Il
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Test Problem 3: Haverly's Pooling Problem - Case 111

Problem formulation

The formulation for this problem is the same as for Test Problem 1 except that in the objective function the
cost of B is changed from 16 to 13. The new formulation is:
Maximize Profit = 9x+ 15y — 6A — 13B — 10(Cy + Cy)
Subject to

P+P,—A-B =0

x—P,—C, =0

y—B—-C =0

p.P, + 2C,— 2.5x <0

p.P, + 2C, — 1.5x <0

p.P, + p.P,— 34— B =0

x < 100

y < 200

where p = 1.5, A =50, B =150, P, =200, y = 200
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Figure 4 Pooling problem by Haverly - Case IlI
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4. Parameter settings

The Firefly Algorithm (FA), an optimization technique inspired by nature, addresses optimization problems
by emulating the behavior of fireflies. In pooling problems, the following parameters are crucial for
amalgamating raw resources of varying grades to meet specific quality standards, hence ensuring the
algorithm's efficient execution. The population size (N) denotes the quantity of fireflies within the
population. A smaller population may lead to faster convergence but risks becoming trapped in local optima,
whereas a larger population provides a more diverse search field. Typically, contingent upon the complexity
of the issue, the population size may range from 50 to 200. The maximum iterations denote the frequency
with which the algorithm executes, hence providing a termination criterion for the optimization procedure.
The maximum iterations often range from 1000 to 5000, contingent upon the issue's complexity and the
necessary precision.

Distance influences the fading of firefly light intensity via the light absorption coefficient y. This setup
controls firefly attraction depending on closeness. While a lower y value promotes broader exploration, a
larger value draws nearby fireflies. Depending on the particular problem, a common y value ranges from
1.0 to 2.0. Also remarkable is the first draw Bo of firefly before distance was taken into account. Among
fireflies, a larger number suggests more affinity. Typically, it falls between 1.0 and 2.0.

A random effect { causes variation in firefly movement, therefore preventing early convergence to local
minima. Usually, randomness falls between 0 and 1. Fundamental to the self-adaptive The Firefly Algorithm
is the dynamic adjustment of the step size «;(t + 1) based on present and past performance criteria. The
step size balances exploration and exploitation during optimization. Finding «;(t + 1) calls for a study of
the firefly's previous fitness levels, the population's ideal fitness, and historical data from the last two
iterations.

A firefly's current solution for its ability to maximize profit or lower cost under constraints including sulfur
content in a pooling problem is evaluated by the fitness function. Product quality and raw material
availability are considered in the pooling problem's fitness function. The convergence criterion could end
the process if the approach does not improve after 10-100 iterations with the optimal fitness remaining
constant.

The limits for the problem variables are set by the pooling problem’s restrictions, including maximum raw
material amounts and product quality criteria. Fireflies stay inside the reasonable solution area specified by
these constraints. Depending on the number of materials and product parameters, the optimization space for
pooling problems may have option variables or dimensions ranging from three to ten.

The Firefly Algorithm may efficiently explore and utilize the solution space by properly setting these
parameters, dynamically modifying depending firefly performance and the job limits. The self-adaptive step
size makes the approach appropriate for complex, non-linear optimization problems like pooling by allowing
a flexible search strategy that equilibrates global exploration and local refining.

5. Results and Discussion
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Utilize the FA and Proposed FA to address pooling issues for problem optimization and compare the results
generated by the MATLAB program with those obtained from other algorithms, including the Method of
Alternate Heuristic (MALT), Variable Neighborhood Search (VNS), Method of Successive Linear
Programming (MSLP), and the exact solutions provided by Haverly's problems.

Haverly's problems (1-3) are analyzed using the highly efficient meta-heuristic Firefly technique and the
Proposed Firefly approach. The application of these algorithms and the comparison of the results with those
derived from techniques such as the Method of Alternate Heuristic (MALT), Variable Neighborhood Search
(VNS), and Method of Successive Linear Programming (MSLP) yield the outputs. Table 1 will elucidate
the consequences related to Haverly problems in detail. We calculate the ideal solutions and compare the
results with exact answers. Initially, we develop a MATLAB program, execute it, and thereafter generate
the problem results with the Suggested Firefly technique.

Table 1 Results of problem Haverly - Case 1-2-3 with state of art algorithms
Algorithms \ - ot MSLP  MALT VNS  FA Proposed FA

Problems
Haverly 1 400 450.65 434,98 390.50 398.56 400.25

Haverly 2 600 559.79  588.15  610.47 610.25  605.23

Haverly 3 750 720.36  733.56 74425 74049  748.96

Table 1 delineates contemporary methodologies for addressing the Haverly Pooling Problem across three
scenarios: Haverly 1, 2, and 3. The Exact Solution is contrasted with MSLP, MALT, VNS, FA, and the
Proposed FA.

The precise response from Haverly 1 is 400. The MSLP approach overestimates the result by 12.66%,
yielding a return of 450.65. MALT overestimates at 434.98, which is 8.75% greater than the exact value,
albeit to a lesser extent. The VNS method yields 390.50, which is 2.38% inferior to the precise outcome.
The Firefly Algorithm yields a result of 398.56, exhibiting a 0.36% deviation from the precise solution,
indicating marginal underperformance. The Proposed FA is highly precise, as it closely approximates the
exact answer with a difference of 0.25.

The answer of Haverly 2 is 600. MSLP underestimates the solution by 6.70% with a value of 559.79. MALT
yields 588.15, which is 1.98% below the expected value. With a score of 610.47, VNS surpasses the exact
answer by 1.75%. FA scores 610.25, exhibiting a variance of 1.71%, which is substantially identical to VNS.
The proposed FA has commendable performance at 605.23, exceeding the precise answer by 0.87%.

The response of Haverly 3 is 750. The MSLP is 720.36, representing a 3.95% decrease from the precise
value. The response is 733.56 for MALT, representing a decrease of 2.19%. VNS is 0.77% below the
solution of 744.25. FA achieved a score of 740.49, reflecting a decrease of 1.27%. The proposed FA
demonstrates commendable accuracy at 748.96, which is 0.14% below the exact value.

In each of the three tests, the Proposed FA either equals or surpasses the precise replies. This approach
surpasses conventional FA, MALT, VNS, and MSLP in accuracy also mentioned in Figure 5.

Figure 5 Results of problem Haverly - Case 1-2-3 with state of art algorithms
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Table 2 Residual of the Results with exact solution

Algorithms A\, b MALT  WNS  FA Proposed FA
Problems

Haverly1  -50.65  -34.98 95 1.44 -0.25
Haverly2 4021  11.85  -1047 -1025  -5.23
Haverly3  29.64 1644  5.75 9.51 1.04

Table 2 presents the residuals of several algorithms' results in comparison to the exact solution for three
instances of the Haverly Pooling Problem—Haverly 1, 2, and 3. The residuals represent the differences
between the precise solution and the outcomes of each algorithm. A negative residual signifies
underestimation, whereas a positive residual denotes overestimation by the algorithm.

The precise answer of Haverly 1 is 400. The positive residual indicates that MSLP is excessively elevated
by 50.65. MALT also exaggerates the precise result by 34.98. FA yields -1.44, whereas VNS inaccurately
exceeds the precise value by -9.50. The proposed FA exhibits performance nearly identical to the exact
response, with a minimal residual of -0.25.

The resolution to Haverly 2 is 600. MSLP and MALT respectively underestimate the precise response by -
40.21 and -11.85. VNS overestimates by 10.47, whilst FA underestimates by -10.25. Although it
underestimates by -5.23, the Proposed FA is closer to the solution.

The response of Haverly 3 is 750. MSLP underestimates the actual value by -29.64, whereas MALT
underestimates it by -16.44. VNS and FA respectively overestimate the answer by 5.75 and 9.51. The
proposed FA demonstrates efficacy with a minor positive residual of 1.04, indicating an overestimation.
The Proposed FA addresses all difficulties efficiently, with negligible divergence from the precise response.
VNS and FA exhibit underestimation and overestimation, whereas MSLP and MALT demonstrate elevated
residuals, notably underestimating in Haverly 2 and Haverly 3. The Proposed FA resolves pooling
difficulties in Figure 6 with minimal residual error.
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Figure 6 Residual of the Results with exact solution

B Haverlyl MW Haverly2 Haverly 3

MSLP MALT vills FA PREPOSED FA

Table 3 Percentage difference between the algorithm results and the exact solution

Algorithms \ o1 b MALT  WNS  FA Proposed FA
Problems

Haverly 1 1266  8.75 238 036  0.06
Haverly2  -670  -198 175 171 0.87
Haverly3  -395 219 077  -127  -0.14

Table 3 presents the percentage disparities between the algorithm outputs and the precise solutions for three
situations of the Haverly Pooling Problem: Haverly 1, 2, and 3. The percentage difference signifies the
deviation of each algorithm from the exact result. A negative number signifies a lower value, whereas a
positive percentage difference shows that the algorithm's conclusion exceeds the exact solution.

The precise answer of Haverly 1 is 400. MSLP exaggerates the optimal response by 12.66%. MALT
overestimates by 8.75%, whereas VNS underestimates the precise answer by 2.38%. The Proposed FA is
rather close, exhibiting a 0.06% positive variance, but the FA is -0.36% below the precise response.

The resolution for Haverly 2 is 600. MSLP underestimates the result by -6.70%, whereas MALT
underestimates by -1.98%. The 610.47% positive discrepancy in VNS appears to be an anomaly or data
error, indicating a significant divergence between the accurate result and the algorithm's output. The
Proposed FA overestimates by 0.87%, whereas FA overestimates by 1.71%.

The response of Haverly 3 is 750. MSLP is underestimated by -3.95%, whereas MALT is underestimated
by -2.19%. VNS overestimates by 0.87%, whilst FA underestimates by -1.27%. The proposed FA
underestimates by 0.14%, which is only marginally different from the precise solution.

Ultimately, of all issues, the Proposed FA exhibits the smallest percentage deviation from the actual answer.
Significantly, for Haverly 2, MSLP and MALT either overshoot or substantially underestimate. VNS
exhibits a substantial positive percentage fluctuation for Haverly 2, indicating that this method is flawed.
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The proposed FA yields the most accurate results with minimal variation from the actual solutions depicted
in Figure 7.

Table 7 Percentage difference between the algorithm results and the exact solution

B Haverlyl ™ Haverly 2 Haverly 3

MBS P ML IVNS s FA PROPOSE, FA

6. Conclusions

To solve the Haverly Pooling Problem, this study used the Firefly Algorithm (FA) and an enhanced version,
the Proposed FA, with a self-adaptive step size. The results show the performance and accuracy of the
Proposed FA compared to other modern algorithms such as MSLP, MALT, and VNS. Demonstrating a
notable degree of accuracy in handling non-linear, challenging optimization problems like pooling, the
Proposed FA consistently produced solutions either near or exactly matching the actual solution in all three
problem settings. The main advantage of the Proposed FA is its self-adaptive quality, which allows it to
dynamically change its step size, hence enhancing its exploration and exploitation capabilities.

Still, there are limits that have to be addressed in following studies even so, given its positive results. For
larger-scale problems, the Firefly Algorithm, especially with its self-adaptive feature, may become
computationally intensive, hence limiting its scalability. Many parameter settings greatly affect the
performance of the algorithm; hence a thorough sensitivity analysis is required to determine the optimal
values for various pooling applications. The main limitations of the current work are the computational
expense of the approach and the need for more thorough parameter tuning. Since computing needs rise with
the number of iterations and population size, the Proposed FA may show reduced efficiency for large or
high-dimensional issues. Parameters like population size, maximum iterations, and light absorption
coefficient have a significant impact on the performance of the algorithm, hence highlighting the need of a
thorough investigation to maximize these parameters for particular problem settings. Future research should
focus on improving the processing efficiency of the method by looking at parallelizing techniques to handle
more complex problems and larger data sets. Moreover, a thorough sensitivity study of the FA parameters
will help to determine the most suitable configurations, hence guaranteeing the adaptability of the method
across several real-world pooling tasks.
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