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ABSTRACT

In this work, we address the generalized Ulam-Hyers stability using fixed
point and direct methods of an additive-quadratic mixed type functional
equation in Random Banach space.
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1. INTRODUCTION

One of the finest interesting question in the theory of functional equations is when is it true that a function,
which approximately satisfies a functional equation must be close to an exact solution of the given functional
equation?

If the problem accepts a unigue solution, we say the equation is stable.

In 1940,Ulam [35] posed the famous Ulam stability problem. In 1941, D.H.Hyers[18] solved the
well-known Ulam stability problem for additive mappings subject to the hyers condition on approximately
additive mappings. He gave rise to the stability theory of functional equations. In 1950, T.Aoki [2] was the
second author to treat this problem for additive mappings. In 1978, Rassias [27] provided a generalized
version of Hyers for approximately linear mappings. In addition Rassias generalized the Hyers stability
result by introducing two weaker conditions controlled by product of different powers of norms and a mixed
product sum of powers of norms, respectively. A generalization of all the above stability results was obtained
by P. Gavruta [15] in 1994 by replacing the unbounded Cauchy difference by a general control function
o (x,y).

In 2008, a special case of Gavruta's theorem for the unbounded Cauchy difference was obtained by
M.Arunkumaretal., [6] by considering the summation of both the sum and the product of two p-norms.
The functional equation

P(y; +y2) = P(y1) + P(y2) (1.1)
and

P(y; +y2) + P(y1 — y2) = 2P(y1) + 2P(y2) (1.2)
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are known as Additive and Quadratic functional equations, respectively. Also, some different form of
Quadratic functional equation is
Py, +y1) + PRy, —y1) = P(y2 +y1) + P(y2 — y1) + 6P(y,) (1.3)
was investigated by [8]. The general solution and generalized Hyers-Ulam stability for the Additive-
Quadratic type functional equation is of the form
P(y1 + ay;) + aP(yy —y2) = P(y1 — ay;) + aP(y, + y2) (1.4)
was discussed by K.W.Jun and H.M.Kim [20]. Also, A.Najati and M.B.Moghimi [26] investigated the
generalized Hyers-Ulam stability for the Additive-quadratic functional equation of the form
P(2y1 +y2) + PQ2yy — y2) = 2P(y1 + y2) + 2P(y1 — ¥2) + 2P(2y,) — 4P(y1) (1.5)
Infact, the general solution and generalized Ulam-Hyers stability of a mixed type Additive-Quadratic
functional equation
P(ys +¥2) + P(y1 — ¥2) = 2P(y,) + P(y2) + P(—y3) (1.6)
was investigated by M.Arunkumar and J.M.Rassias [11]. Also, the general solution in vector space and
generalized Ulam-Hyers stability of mixed type Arun-Additive Quadratic functional equation is of the form
P(2y; £y, £y3) =2P(—y1 £y, £y3) —2P(ty, £ y3)
+P(ty, £ y3) +3P(y1) — P(—y2) (1.7)

in Random normed space was discussed by M.Arunkumar et.al., [25].

In this work, we address the generalized Ulam-Hyers stability using fixed point and direct methods
of an additive-quadratic mixed type functional equation
P(4ys + 3y3 + 2y, + y1) + P(4ys —3y3 + 2y, + y1) + P(4y, + 3y — 2y, + 1)

+ P(4y, +3y3 + 2y, —y1) + P(4ys — 3y3 — 2y, + y1) + P(4ys — 3y3 + 2y, — y1)
+P(4y, + 3y3 — 2y, —y1) + P(4ys — 3y3 — 2y, — y1)
=8{P(ys + y1) + P(ya —y1)} — 40{P(y3) + P(—y3)}
= 3{P(ys +y1) + P(=ys —y1) + P(y4 —¥1) + P(y1 — ya)}
+4{P(Ys +¥2) = P(=Y4 = ¥2) + P(ya — ¥2) —P(¥2 — ya)}
+31{P(ys +y3) + P(=ys —y3) + P(y4 — y3) + P(y3 — ¥a)}
+P(y, +y1) + P(=y2 —y1) + P(y2 —y1) + P(y1 — ¥2)

+7{P(y3 + ¥2) + P(=y3 —y2) + P(y3 — ¥2) + P(y, — y3)} (1.8)
in Random Banach space.

2. GENERAL SOLUTION
In this portion, the authors debate the general solution of functional equation (1.8). By considering K and
L as real vector spaces.

Theorem 2.1. If an odd function P : K — L fulfilling with the functional equation (1.1)
if and only if P : K — L fulfilling the functional equation(1.8) for all y,, y3,¥2,v: € K.

Proof: Suppose P : K — L fulfilling with the functional equation (1.1).

Setting (y4,y2) by (0,0) in (1.1), we get P(0) = 0. Replacing y, = y; in (1.1), we have
P(2y,) = 2P(y,), forall y, € K. Let y, = 2y, in (1.1), we acquire P(3y;) = 3P(y1),
for all y; € K. In general for a positive integer N, such that P(Ny,) = NP(y,), forall
y1 € K. Replacing y; = 4y, + 3yz and y, = 2y, + y; in (1.1), we get

P(4ys + 3y3 + 2y, + y1) = 4P(ys) + 3P(y3) + 2P(y,) + P(y1) (2.1)
for all y,, y3,v,,y1 € K. Substituting y;, = 4y, — 3y3 and y, = 2y, + y, in (1.1), we obtain
P(4y, — 3y3 + 2y, + y1) = 4P(ys) — 3P(y3) + 2P(y2) + P(y1) (2.2)
for all y,, y3,v,,y1 € K. Replacingy; = 4y, + 3yz and y, = =2y, + y; in (1.1), we arrive
P(4ys + 3y3 — 2y, + y1) = 4P(y4) + 3P(y3) — 2P(y;) + P(y1) (2.3)
for all y,, y3,v,,y1 € K. Plugging y; = 4y, + 3y3 and y, = 2y, — y, in (1.1), we have
P(4ys + 3y3 + 2y, — 1) = 4P(y4) + 3P(y3) + 2P(y2) — P(y1) (2.4)

for all y,, y3,v,,y1 € K. Substituting y; = 4y, — 3yz and y, = =2y, + y; in (1.1), we get
P(4ys —3y3 — 2y, + y1) = 4P(y4) — 3P(y3) — 2P(y;) + P(y1) (2.5)
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for all y,, y3,v,, v, € K. Replacingy; = 4y, — 3y; and y, = 2y, — y, in (1.1), we obtain
P(4y, —3y3 + 2y, —y1) = 4P(ys) — 3P(y3) + 2P(y2) — P(y1) (2.6)
for all y,, y3,v,,y1 € K. Replacingy; = 4y, + 3y; and y, = —2y, — y, in (1.1), we have
P(4ys + 3y3 — 2y, — y1) = 4P(y4) + 3P(y3) — 2P(y2) — P(y1) (2.7)
forall y,, y3,v,, v, € K. Replacingy, = 4y, — 3y; and y, = —2y, — vy, in (1.1), we get
P(4y, — 3y3 — 2y, —y1) = 4P(ys) — 3P(y3) — 2P(y2) — P(y1) (2.8)
for all y,, y3,v,,y1 € K. Adding all the equations (2.1), (2.2), (2.3), (2.4), (2.5), (2.6),
(2.7), (2.8) , we arrive
P(4ys + 3y3 + 2y, + y1) + P(4ys — 3y3 + 2y, + y1) + P(4ys + 3y; — 2y, + y1)
+ P(4ys + 3y3 + 2y, —y1) + P(4y, —3y3 — 2y, + y1) + P(4ys — 3ys + 2y, — y1)
+ P(4ys +3y3 — 2y, — y1) + P(4y, — 3y5 — 2y, — y1) = 32P(y4) (2.9)
for all y,, y3, v, v, € K. with the help of odd function from the above equation transformed as
P(4y, + 3ys + 2y, + y1) + P(4y, —3yz + 2y, + y1) + P(4ys + 3ys — 2y, + y1)
+ P(4ys + 3y3 + 2y, —y1) + P(4y, —3y3 — 2y, + y1) + P(4ys — 3ys + 2y, — y1)
+P(4y, + 3ys — 2y, —y1) + P(4y, — 3y3 — 2y — 1)
=8{P(ys +¥1) + P(ya — y1)} — 40{P(y3) + P(—y3)}
=3{Ps+y1) +t P(—ya—y1) + P(s —y1) + P(y1 — ya)}
+H{P(ys +y2) = P(=ya —¥2) + P(a — ¥2) — P(y2 — ¥4}
+31{P(s +y3) + P(—ya —y3) + P(a — y3) + P(y3 — ¥a)}
+P(y, +y1) + P(=y, —y1) + P(y2 —y1) + P(y1 — ¥2)

+7{P(y3 + ¥2) + P(=y3 — y2) + P(y3 — ¥2) + P(y2 — y3)} (2.10)
for all y,, y3,v,,y1 € K. It follows from (2.10), we have demonstrated our result (1.8).

Conversely, let P : K — L fulfilling with the functional equation (1.8) with
P(0) = 0. Setting (4, ¥3, V2, Y1) = (4,3, 0,0) and apply oddness in (1.8), we have
P(4ys + 3y3) + P(4y5 — 3y3) = 8(P(ys)) (2.11)
for all y,, y3 € K. Putting y; = 01in (2.11), we have
P(4y,) = 4P(y4)
for all y,,y; € K. Putting y, = 2t and y; = yg—zin (2.11), we acquire

P(y; +y2) + P(yy — y2) = 2P(y1) (2.12)
for all y,,y, € K. Interchanging y; and y, in above equation , we obtain

P(y, +y1) + P(y2 —¥1) = 2P(y2) (2.13)
It follows from (2.12) that

P(y; +y2) — P(y2 —y1) = 2P(y1) (2.14)

Adding (2.13) and (2.14), we arrive our desired result.

Theorem 2.2. If an even function P : K — L fulfilling with the functional equation (1.2)
ifand only if P : K — L fulfilling the functional equation (1.8) for all y,,ys,v,,y:1 € K.

Proof: Suppose P : K — L fulfilling with the functional equation (1.2). Setting (y1,y2)
by (0,0) in (1.2), we get P(0) = 0 . Replacing y, = y, in (1.2), we have
P(2y,) = 4P(y,), forall y, € K. Let y, = 2y, in (1.2), we acquire P(3y,) = 9P(y1),
for all y; € K. In general for a positive integer N, such that P(Ny,) = N2P(y,), for all
y1 € K. Replacing y; = 4y, + 3yz and y, = 2y, + y; in (1.2), we get
P (4y4 +3y3 + 2y, + y1) + P (4ys +3y3 — 2y, — 1)
= 2P(4y, + 3y3) + 2P(2y, +y,) (2.15)
for all y,, y3,v2, v, € K. Substituting y; = 4y, — 3y; and y, = 2y, + y; in (1.2), we obtain
P (4y, —3y3 + 2y, + y1) + P (4Ys —3y3 — 2y, — y1)
= 2P(4y, — 3y3) + 2P(2y; + y1) (2.16)
for all y,, y3,v,,¥1 € K. Replacing y; = 4y, + 3yz and y, = —2y, + y; in (1.2), we arrive
P (4y, +3y3 — 2y, + y1) + P (4ys + 3y3 + 2y, — y1)
= 2P(4y, + 3y3) + 2P(=2y, + y1) (2.17)
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for all y,, y3,v,,y1 € K. Plugging y; = 4y, + 3y3 and y, = 2y, — y; in (1.2), we have
P (4y, —3y3 — 2y, + 1) + P (4ys — 3y3 + 2y, — y1)
= 2P(4ys — 3y3) + 2P(=2y, + y1) (2.18)
forall y,, y3,v,, v, € K. Adding all the equations (2.15), (2.16), (2.17), (2.18), we arrive
P4y, +3ys + 2y, +y1) + P (4ys —3y3 + 2y, + y1) + P (4y, +3y3 — 2y, + y1)
+P(4ys +3y3 + 2y, —y1) + P (4y, —3y3 — 2y, + y1) + P (4ys — 3ys + 2y, — y1)
+P(4ys +3y3 — 2y, —y1) + P(4y, — 3y3 — 2y, — ¥1)
= 128P(y,) + 72P(y3) + 32P(y,) + 8(y,)(2.19)
forall y,, y3,v2, v, € K. Using eveness of function from the above equation transformed as
P (4y, +3ys + 2y, + y1) + P (4y, —3yz + 2y, + y1) + P (4ys + 3ys — 2y, + y1)
+P(4ys +3y3+ 2y, —y1) + P (4y, —3y3 — 2y, + y1) + P (4ys — 3ys + 2y, — y1)
+P(4ys + 3y; — 2y, —y1) + P(4ys — 3y3 — 2y, — ¥1)
=62{P(ys +¥3) + P(ya —y3)} + P(y2 +y1) + P(—(}’Z + )’1)) — 80P (y3)
+14{P(y3 + ¥2) + P(y3 = y2)} = 3{P(ya — ¥1) + P(=(ya — y1))}
+8{P(ys +y1) + P(ya —¥1)} = 3{P(ys + y1) + P(—(ys + y1))}
+3U{ P(ys + y3) + P(=(ya + ¥3)) + P(y4 — y3) + P(— (¥4 — y3)}
+2{P(y2 + y1) + P(¥y2 —y1)} + 2{P(y1 + y4) + P(y1 — ya)}
+4{P(Ys +y2) = P(=(Va + ¥2)) + P(ya — ¥2) — P(=(Ya — ¥2))} (2.20)
for all y,, y3,v2,v1 € K. It follows from (2.20), we have demonstrated our result (1.8).
Conversely, let P : K — L fulfilling with the functional equation (1.8) with
P(0) = 0. Setting (y4,y3,¥2,y1) = (0,0,y,0) and apply evenness in (1.8), we have

P(2y) = 4P(y) (2.21)
forall y € K. Setting (v, v3,¥2,v1) = (0,y,0,0) and apply evenness in (1.8), we have
P(3y) =9P(y) (2.22)

for all y € K. In general for a positive integer N, such that P(Ny;) = N2P(y,), for all

v, € K. Setting (¥4, ¥3, V2, ¥1) = (14,0, y,,0) and apply evenness in (1.8), we have
P(4y, + 2y,) + P(4ys — 2y,) = 32P(y4) + 8P (y5) (2.23)

for all y,,y, € K. Pasting y, = % andy, = %in (2.23), we achieve that equation (1.2).

3. BASICS OF RN-SPACE

In the sequel, we adopt the usual terminology, notations and conventions of the theory of random normed
spaces as in [23]. Hereafter, this paper, A* is the space ofdistribution functions, that is the space of all
mappings F: R U {—o, 4o} — [0,1] suchthat F is leftcontinuous and nondecreasing on R, F(0) = 0 and
F(+o) = 1. D%is asubset of A* consisting of all functions F € A* for whichl™F(+) = 1, where
[~ f(x)denotes the left limit of the function f at the point x,l”f(x) = ltif;f(t)' The spaceAis partially

ordered by the usual point-wise ordering of functions, i.e.,F < Gif and only if
F(t) < G(t)forall t € R. The maximal element for A* in this order is the d.f. given by:
(0, ift=<0,
€o(t) = {1, if t >0,
Definition 3.1. A mapping T : [0,1] x [0,1] — [0,1] is called a continuous triangular
norm (briefly, a continuoust —norm) if T satisfies the following conditions:
(a) Tis commutative and associative;
(b) Tis continuous;
(c) T(a,1) = aforalla € [0,1];
(d) T(a,b) < T(c,d) whenevera < c andb < d foralla,b,c,d € [0,1].

Definition 3.2. A random normed space (briefly, RN-space) is a triple (X, u, T), where
X is a vector space, T is a continuoust — norm and u is a mapping from X into
D*satisfying the following conditions:

(RN1) u, (t) = e(t) forall t > 0 ifand only if x = 0;
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(RN2) tgr (t) = iy (t/|a]) for allx € X, and a € R with a # 0;
(RN3) 1y (¢ +5) = T (11(£), 11, (s)) forall x,y € X and £, 5 > 0.

Example 3.3. Every normed spaces(X, ||-||) defines a random normed space
(X, u, Tyy), where

t) =
o O
and T, is the minimumt — norm. This space is called the induced random normed space.

Definition 3.4. Let(X,u, T) be a RN-space. A sequence{x,,} in X is said to be convergent to a point x € X
if, forany e > 0and A > 0, there exists a positive integer N such that u, _,(e) >1—2 foralln > N.

Definition 3.5. A sequence {x,,} in X is called a Cauchy sequence if, for any ¢ > 0 and 1 > 0, there exists
a positive integer N such that u,, _, (¢) >1—Aforalln >m > N.

Definition 3.6. A RN-space(X, u, T) is said to be complete if every Cauchy sequence in X is convergent to
a pointin X.

Theorem 3.7. If (X, 1, T) is a RN-space and {x,,} is a sequence in X such that x,, - x,
then lim p, (t) = p,(t) almost everywhere.
n—-oo

4. STABILITY RESULTS IN RN-SPACE
In this section the generalized Ulam-Hyers stability of a Additive-Quadratic
mixed type functional equation (1.8) in RN-space is provided.
Hereafter, Let us consider K to be a linear space and (L, , T) to be a complete
RN-space. Define a mapping P : K — L by
GP (Y4, Y3, Y2, Y1) =
P4y, +3y3+ 2y, +y1) + P (4ys —3y3 + 2y, + y1) + P (4y, + 3y3 — 2y, + 1)
+ P(4y, +3ys + 2y, —y1) + P (4ys — 3y3 — 2y, + y1) + P (4ys — 3y3 + 2y, — y1)
+P(4ys + 3y3 — 2y, —y1) + P(4ys — 3y3 — 2y, = y1) = 8{P(vs + y1) + P(ya — y1)}
+3{Pa+y1) + P(—ya —y)} + 3{P(va —y1) + P(y1 — ¥a)}
—A{Ps+y2) —P(=ya—¥2) + P(ya — ¥2) — P(y2 — y4)}
=3 Pa+y3) + P(—=ya—y3) + P(ya —¥3) + P(y3 — yu)}
=7{P(y3+y,) + P(=y3 —y2) + P(y3 = ¥2) + P(y2 —y3)} — P(y2 + y1)
—P(=y2, = y1) =Py, —y1) = P(y1 — y2) + 40{P(y3) + P(—y3)}
forall y,,y3,v,, v, € K.

4.1. Direct Method :

Theorem 4.1. Assume that u € {+1}. Let K be a linear space, (L, Z, T) be a complete
RN-Space and P, : K — L be an odd mapping for which there exists a function
A : K* - D*with the inequality

EGPa()’4»J’3»)’2»J’1) (C) = AJ’4»3’3»3’2J3/1 (C) (41)
forall y,,y3,v,,y1 € Kandall ¢ > 0. If
lim T2 A guty, 1 guty, 1 guly, 1 guty, (10*0+1¢)

m-—-oo

=1= lim Tlc:O A1Ouly4,1Ouly3,10uly2,10uly1 (10ulc) (42)

m—oo

for all y,, y3,v2, v, € K and all ¢ > 0. Then there exists a unique additive mapping
A : K - L such that

EA(y)—Pa(y) (SC) = TlfOAiou,y(IO”(”l)c) (43)
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forallye Kandall ¢ > 0.

Proof: Assume u = 1. Substituting (y,, y3,y2, y1) With (y,y,y,y) in (4.1) and apply
oddness, we get

B Pa(10y)+Pa(8Y)+Pa(69)+2Pa(4y)~16Py(2y) (€) = Dy .,y (€) (4.4)
forall y € K and all ¢ > 0. Again Substituting (y,, y3, ¥2, v1) with (y,y,0,—y) in (4.1)
and apply oddness, we obtain

EPa(8Y)+Pa(6Y)~3Pa(29)~8Pa(4y)- 16Pa(zy)( ) 2 Ayyo0-y(€)  (45)

forall y € K and all ¢ > 0. Again Substituting (v, ¥3, v,, y1) With (y,,y3,0,0) in (4.1)
and apply oddness, we get

- Cc
S Pq(4y4+3Y3)+Pa(4y4—3Y3)—8Pg(Vs) (Z) = Ay4,y3,0,0 () (4.6)
forall ye Kandallc > 0.Put y, = X and y; = X in above inequality and using (RN2), we acquire
13
E13P,(2y)- 26Pa(y)( C) = A%%,o,o (©) (4.7)

for all y € K and all ¢ > 0. Again substituting (v,, v3, v, ¥1) with (y,0,0,0) in (4.1) and apply oddness,
we get

E2Pq(4y)~8Pa(y) ( ) = Ay,0,0,0(6) (4.8)
forall y € K and all ¢ > 0. It follows from (4.4) and (4.5), we have

EPa(10y)+2P4(4y)~ 13Pa(2y)+8Pa(y)( ) =T (Ay.y,y,y(c)'Ay,y,O.—y(C)) (4.9)
forall y € K and all ¢ > 0. It follows from (4.8) and (4.9), we obtain

E P, (10y)—13P4(2y)+16P4(y) ( ) =T (T (Ay,y,y,y(c)'Ay,y,O,—y(C)) rAy,O,O,O(C)) (4.10)
forall y € K andall ¢ > 0. It follows from (4.7) and (4.10), we arrive
EPa(10y)-10P,(y) Go)=T <T (T (Ay,y,y,y (o), Ayyo-y (C)) Ny,000 (C)) ) A%%,o,o (C))

(4.11)
forall y € K and all ¢ > 0. It follows from (4.11) that

Ep,(10y)-10P, () (5€) = A5 () (4.12)

where A%(c) =T <T (7 (A9 (O Ao 5(0))  Ayi000(©)) A%%'O’O(c)>
forall y € K andall ¢ > 0. It follows from (4.12) and (RN2), we obtain

Epa(my)_P » (5¢) = Ag‘,(10c) (4.13)
10 a
forall y € K and all ¢ > 0. Replacing y by 10™y in above inequality, we arrive
HP a(10"t1y) p (10ny)(5C) = AIO" (10n+1C) (414)
1on+1 107
forall y € K andall ¢ > 0. Itis easy to see that
Py(10™y) Pg(10*1y) P, (10y
10" F (y) = n 1( (101+1 ) (101 )) (4'15)

forall y € K and all ¢ > 0. From the equations (4.14) and (4.15), we have
uPa(1o y) )(SC) = EZ?:_()l(Pa(lOHly) P(1oly)>(c)

10m oF 1 10!

2 TGS | ipa(io1y) » 10,y>(1ol+1)

Zn:1 10l+1 10!
> T A oty (10'*1c) (4.16)
forall y € K and all ¢ > 0. In order to prove the convergence of the sequence
{W} first substituting y by 10™y in (4.16), we achieve
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= n—1 ++m+1
Zpg(10mtMy) pg(10My (SC) = Tl 0 A10H'm (10 C)
10n+m 10771

> T +Tl lAa (101+1 )
0
- lasm— o (4.17)
forall y € K and all ¢ > 0. Thus {W} is a Cauchy sequence. Since L is complete

there exists a mapping 4 : K — L, we define
HA(y) (C) = llm "‘Pa(lomy) (C) (418)

10Mm

forally € Kand all ¢ > 0. Lettingm = 0 and n — oo in (4.16), we arrive (4.3)
forall y € K and all ¢ > 0. To prove that A satisfies (1.8), Replacing (v, y3, Y2, V1) by
(10™y,, 10™y5,10™y,, 10™y,) and using (RN2) in (4.1), we obtain

= n
HGPa(lo"y4,10ny3,10"y2,10"y1)(C) = AlO”y4,1O”y3,10"y2,10"y1(10 C) (4-19)
10M

for all y,, y3,v,,y1 € K. Letting n — oo in the above inequality and using the definition
of A(y), we see that A satisfies (1.8) for all y,, y3,y,,y1 € K. Therefore the mapping A
is Additive.
Finally, to prove the uniqueness of the additive function A, let us assume that there exists a additive function
A" which satisfies (1.8). Since A(10™y) = 10™A(y) and
A'(10™y) = 10"A'(y) forall y € K and all ¢ > 0, it follows from (4.18) that
Ea)-a')(2€) = Egqaony)-a’(10my) (2. 10%¢)
= EA(10%)~Pa(10")+Pa(10y)—4' (107y) (2. 107C)
> T[TZpAgremy, (1044 1¢), TZg A, grany, (104741 c)
- lasn—-> o
forall y € K and all ¢ > 0. Hence A4 is unique.
Foru = —1, Plugging y = l in (4 12), we have

a
Ep,(y)-10P, ( )(56) = A (C) (4.20)

forall y € K and all ¢ > 0. Replacing y by ——in above inequality, we arrive

= a ¢

Z10"Pa(2r) 10"+ Po(r n+1)(5C) z A oo T (10") (4.21)
forall y € K and all ¢ > 0. It is easy to see that

— -1 l y I+1
Pa(y) = 10"P, (X) = 25 (10 P, (Z) - 1041R, (101+1)> (4.22)

forally € Kandall ¢ > 0 From the equations (4. 21) and (4.22), we have
n 5¢) = c
Pa(y) -10 pa( )( )= Z? 01(10 Pa( ) 101+1Pa( ly+1)>( )

. c
= Tlr;()lgzn_l(Pa(loHly) Pa(lo y)) (101)

=0\~ 1ol+1 10!

> T, () (4.23)

Tol+1 10t
forall y € K and all ¢ > 0. The rest of the proof is similar to that of u = 1. This completes the proof of the
theorem.
The following Corollary is an immediate consequence of Theorem 4.1 concerning the stability of (1.8).

Corollary 4.2. Let 8 and s be nonnegative real numbers. Let an odd function P, : K — L
satisfies the inequality

Ag(c),
Py ys 2y (€) 24 DBy Iy +Iya 151y 13 (€D, s#1;

AB{IIy4|I4S+||y3|I4S+IIyzII4S+||y1II4S+||y4IISIIy3IISIIszISIIyllls}(C)'4 s#1;
(4.24)
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forall y,, y3,v,,v, € K and all ¢ > 0. Then there exists a unique additive function
A : K — Lsuch that
( Asg(c),
9

B (o) (©) (4.25)

4|10-109]

A 5B|Iy||4s (C),

4]/10-10%$|

Epy(y)-a)(€) 2

forall y € Kandall ¢ > 0.

Theorem 4.3. Assume that u € {£1}. Let K be a linear space, (L, Z, T) be a complete
RN-space and F, : K — L be an even mapping for which there exist a function
A : K* > D*with the inequality
EGPq()’4»3’3»3’2»3’1)(C) = A)’4»3’3:3’2:y1 (C) (426)
forall y,,y3,v,,y1 € Kandall ¢ > 0. If
. [o'e) l j— e
lim T2, A outy (10240 D) = 1 = lim A g

m—-oo

2ul
y4’10uly3’10uly2'10uly1(10 u C)
(4.27)

104ty 10%y,104ly,1

for all y,, y3,v2, v, € K and all ¢ > 0. Then there exists a unique quadratic mapping
Q : K — Lsuch that
EQ()-py»)(12€) 2 TZoAL 0 (1074¢+Vc) (4.28)

forall y,,y3,v,,y1 € Kand all ¢ > 0.

Proof: Assume u = 1. Substituting (y,, y3, ¥2, 1) With (y,y,y,y) in (4.26) and apply
evenness, we get

Epy(10y)+Pg(8)+Pq(6y)+2Pq(4y)~78Py(2)+80P,(y) (€) = Ay 355, (C) (4.29)
forall y € K and all ¢ > 0. Again Substituting (v, v3, ¥2, v1) with (y,0,y,2y) in
(4.26)and apply evenness, we obtain

Epy(8y)+2Py(4y)~2Pq(3y)-78Pq(¥) G) = Ay 0,y,2y(C) (4.30)
forall y € K and all ¢ > 0. Again Substituting (y,, ¥3, v,, y1) with (0,0,y,y) in (4.26)
and apply evenness, we get

E2Pq(3y)—Pq(23/)—14Pq(y) (%) = AO,O,y,y(C) (4-31)
forall y € K and all ¢ > 0. Again Substituting (y,, y3, y,, y1) With (y,0,y,0) in (4.26)
and apply evenness, we get

EPq(By)+Pq(2y)—40Pq(y) G) 2 Ny o0,y,0 () (4.32)

forall y € K and all ¢ > 0. Again Substituting (y,, y3, ¥2, 1) with (0,0,y,0) in (4.26)
and apply evenness, we get

Epy(2y)-4Py(¥) (g) 2 A0,0,9,0)(€) (4.33)

forall y € K and all ¢ > 0. It follows from (4.33) that
- 77
£77P,(2y)-308P,(y) (?C) = A0,0,y,0)(C) (4.34)

forall y € K and all ¢ > 0. It follows from (4.32) and (4.33), we acquire
- 3
S Py (6y)-36P4(») (EC) =T (Ay,O,y,O (C):Ao,o,y,o (C)) (4.35)
forall y € K and all ¢ > 0. It follows from (4.30) and (4.31), we obtain
Epy(8y)+2Pg(4y)~Pq(2y)-92P,(»)(€) 2 T (Ay,O,y,Zy(C):AO,O,y,y(c)) (4.36)
forall y € K and all ¢ > 0. It follows from (4.29) and (4.36), we arrive
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Ep,(10y)+Py(6y)—77P4(2y)+172Py(y) (2€) 2

(T (T (Ay0.29 () 800y (©)) Ay yyy (c))) (4.37)

forall y € K and all ¢ > 0. It follows from (4.34) and (4.37), we acquire

= 93¢ >
=Py (10y)+Py(6y)-136P(0) \ g ) =

T (T (T (Ay,O,y,Zy (C), AO,O,y,y (C)) ’ Ay,y,y,y (C)) , AO,O,y,O (C)> (4-38)

forall y € K and all ¢ > 0. It follows from (4.35) and (4.38), we achieve
EPq(IOy)—loqu(y)(lzc)

=T <T <T (T (Ay,O,y,Zy(C):AO,O,y,y(C)) :Ay,y,y,y(c)) Ao,0y,0 (C)> T (Ay,o,y,o (€),Ao0,y,0 (C))>

(4.39)
forall y € K and all ¢ > 0. It follows from (4.39), we acquire
Ep, (10y)-102p, () (12€) = A3,(€) (4.40)
forall y € K and all ¢ > 0. where

Ag; (C) =T (T <T (T (Ay,O,y,Zy(C)v AO,O,y,y (C)) ) Ay,y,y,y(c)) ) AO,O,y,O (C)> ) T (Ay,O,y,O (C)r AO,O,y,O (C))>

forall y € K and all ¢ > 0. It follows from (4.40) and (RN2), we obtain
(12¢) = A} (10%¢) (4.41)

EPq(loy)
102 _Pq(y)

for all y € K and all ¢ > 0. The rest of the proof is similar to that Theorem 4.1. foru = 1. Foru = —1,
Plugging y = 110 in (4.40), we achieve

qu (2)-102, (wLZ)(Sc) > A‘% © (4.42)

forall y € K and all ¢ > 0. The rest of the proof is similar to that Theorem 4.1. This completes the proof of
the theorem.
The following Corollary is an immediate consequence of Theorem 4.3 concerning the stability of (1.8).

Corollary 4.4. Let § and s be nonnegative real numbers. Let an even function
P, : K — Lsatisfies the inequality

Ag(c),
EGPq(y4,y3,y2,y1)(C) > ARy, 1+Hys IS+ I +y, 151 (E), S # 2
DBy 419 + 1y 145 H1y 19 +ly2 145 1y 1Sy 15Ty, 10y, 153 (€, 48 # 25

(4.43)
for all y,, y3,v,,y1 € K and all ¢ > 0. Then there exists a unique quadratic function
Q : K - L such that
A12p(0),

99

- A S(2S (C),
Epy-00)(©) 2 { o (4.44)

A 2Bly14S (C),

|[10-1045]

forally € K and all c > 0.

Theorem 4.5. Letu € {+1}. Let P : K — L be a mapping for which there exist a function

A : K* - D* with the conditions (4.2) and (4.27) such that the functional inequality
EGP(J’4.J’3.J’2.J’1) (C) = A)’40’30’2J1 (C) (4'45)

forall y,, y3,v2,v: € K and all ¢ > 0. Then, there exists a unique additive mapping
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A : K — L and a unique quadratic mapping Q : K — L satisfying the functional equation
(1.8) and

Eat)-00)-p) (34€) = T{T (TlOiOA(;O“ly(]‘O(Hl)uc)’ Tl(:OA(ilOuly(lo(Hl)uc))’

T (TIO:OAq y(102(1+1)u6)' TlO:OA‘ilouly(102(l+1)uc)>}

10ul
(4.46)
forally € K and all c > 0.

Proof: Let P,(y) = w forall y € K. Then P,(0) = 0 and P,(—y) = —P,(y) for
all y € K. Hence

EGPa(y4'y3'y2.J/1)(ZC) =T (AY4,373,372,3’1 (e, A—Y4r—3’3'—3’2'—3’1 (C)) (4.47)
for all y,, y3,v,,y1 € K and all c > 0. By Theorem 4.1, we have

Eay)-p, () (100) = T2, (A‘;Ou,y(10u(l+1>c),Ai 10u1y(10“(l+1)c)) (4.48)

forall y € K and all ¢ > 0. Also, let P,(y) = Wfor allye Kandall c > 0.
Then P,(0) = 0 and P,(—y) = F,(y) forall y € K and all ¢ > 0. Hence

EGPq(Y@J/s'YZJ’ﬂ (2c)=T (AY4»3’3»3’2»3/1 (c), A—y4,—y3,—y2,—y1 (C)) (4.49)
forall y € K and all ¢ > 0. By Theorem 4.3, we have

EQ(y)—Pq(y)(24C) = TIO:O (Azouly(102u(l+1)c)’A‘ilouly(102u(l+1)c)) (4.50)

forall y € K and all ¢ > 0. Define
P(}’) =Pa(3’)+Pq(Y) (4.51)
forall y € K and all ¢ > 0. From (4.48), (4.50) and (4.51), we arrive

Ea-0)-P(») (B4€) = Ha)-0()-Pa()-Py(») (34C)
= (EA(w—Pa(y)(lOCl EQ(y)—Pq(Y)(24C))

= {T (TlogoAcllO“’y(lou(Hl)c)' TlﬁoAﬁm“’y(lou(Hl)c))’

10 -10%
for all y € K and all ¢ > 0. Hence the theorem is proved.
Using Corollaries 4.2 and 4.4, we have the following corollary concerning the stability of (1.8).

T (TIO;DOACI ly(102(1+1)uc)! TlchAq ly(102(1+1)uc))}

Corollary 4.6. Let § and [ be nonnegative real numbers. Let a function P : K — L
satisfies the inequality

Ag(c),
E6P(raysyey)(©) 23 Dpliyals+iysis+iy1s+y. 153 (€, s# 1,2
DBy, 45 1y 1 +Hly2 15y 1S +ya 11y 11y 151y 153 (€, 48 # 1,2;
(4.52)
for all y,, y3,v2, v, € K and all ¢ > 0. Then there exists a unique additive function
A : K - L and a unique quadratic function Q : K — L such that
Asg 125(C),
CRET
A 1.1 (o),
— 5(8+——<+-3 N
:'A(Y)—Q(J/)—P(J/) (346) = ‘B”y"5< £|104—1035I)+|21(02—:01223|> (4'53)

5 2 )(C);

4s
Byl <4|1o—1o45| : [10-10%5|

forally € Kandall c > 0.
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4.2. Fixed Point Method. In this section, the authors prove the generalized Ulam-Hyers stability of
functional equation (1.8) in RN-space with the help of the fixed point method. Now, we will revise the
fundamental results in fixed point theory.

Theorem 4.8. (The alternative of fixed point) [24]
Suppose that for a complete generalized metric space (X, d) and a strictly contractive mapping T :
X — X with Lipschitz constant L. Then, for each given element x € X, either
(B1) d(T™x,T™x) =0 V¥Yn:=>0,
Or
(B2) there exists a natural number n, such that:
i) d(T"x,T""1x) <o Vn=0;
ii) The sequence(T™x) is convergent to a fixed pointy* of T
iii) y™is the unique fixed point of T in the set
Y ={y€X:d(T"x,y) < oo};

V) d(y*, ) < = d(y, ) forally e Y.

Theorem 4.9. Let P, : K — L be an odd mapping for which there exists a function
A : K* —» D*with the condition
lim A, (wpe) =1 (4.54)

l>c0  Wpla, wbt3 Whtywhts
where w, = 10ifb=0and w, = E if b =1 such that the functional inequality with
EGPa()’4»3’3»3’2:3’1)(C) Z_AY4:3/3:3/2:3’1 (C) . (455)
forall y,, y3,v,,y1 € K and all ¢ > 0. If there exists L = L(b) such that the function
A% () = A§(c)
10
has the property
A%,y (wpc) = A (Lc) (4.56)
forall y € K and all ¢ > 0. Then, there exists a unique additive function A : K - L
satisfying the functional equation (1.8) and

Ea-raon (oy 5¢) = A3 () (457)
holds for all y € K and all ¢ > 0.

Proof: Consider the set H = {h/h : K — L, h(0) = 0} and introduce the generalized
metric on H by

d(hy, hy) = inf{K € (0,0): Ep, (yy-n, ) (Kc) = A(c),y € K, c > 0}
It is easy to see that (H, d) is complete. Define G : H — H by

1
Ghi(y) = w—bh1(wb3’)

forally e Kandall c > 0. Now hy,h, € H,
d(hl, hz) < K = Ehl(y)—hz(y)(KC) > Agl,(c),y eEK aTld c>0
c
=) a
=>E _hl(wby)__hz(wby) (K b) > A, y(c),y €EKandc >0
= Egh, (y)- Ghz(y)(KLc) =2 Aj(c),y€EKandc>0
d(Ghy,Gh,) < KL
This implies d(Ghq, Gh;) < Kd(hq, h,), forall hy, h, € H.

i.e., G is astrictly contractive mapping on H with Lipschitz constant L = wi
b

It follows that (4.12), we acqire
EPa(loy)_P ) (SC) = A?,(lOc) (458)
10 a

forall y € K and all ¢ > 0. Using (4.56) for the case b = 0 it reduces to
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E6Pa(y)~Pa(y)(5€) 2 A5 (C)
forall y € Kandall ¢ > 0.
d(GP,P)<L=1'< o (4.59)
Substituting y by % in (4.12), we achieve
Epa)-107 2 (5€) Z A5 (€)
10
forall y € K and all ¢ > 0. Using (4.56) for the case b = 1 it reduces to
Epa(y)-GPa(y) (5€) Z A5 (c)
forall y € Kandall ¢ > 0.

d(P,GP)<1=1°< (4.60)
From (4.59) and (4.60), we achieve
d(P,,GP) < L*™P (4.61)

Therefore, in both cases B2 (i) holds.
By B2(ii), it follows that there exists a fixed point A of G in H such that
Eam () = lan; EPa(wi,y)(C) (4.62)
wp
forally € Kand all ¢ > 0.
In order to prove A : K — L is Additive, we are replacing (y4, V3, V2, y1) by
(whys whys, why,, whyy)in(4.55), It follows from (4.62) and (4.62), we acquire A satisfies (1.8).
By B2(iii), A is the unique fixed point of G in the set A= {P, € C: d(P,, A) < o}, using
the fixed point alternative result A is the unique function such that
Ep, (-4 (5Kc) = A5 ()
forall y € K and all ¢ > 0. Again by B2(iv), we obtain

1
d(Py, 4) < 7= d(Po, GPo)

which implies
1-b

<
d(Pa:A) — 1_L

Hence, we conclude that
Ll—b

Epa-a) | 7= 5¢ ) Z45(0)

for all y € K and all ¢ > 0. This completes the proof of the theorem.
The following corollary is an immediate consequence of Theorem 4.9 concerning the stability of (1.8).

Corollary 4.10. Let g and s be nonnegative real numbers. Let an odd function
P, : K — Lsatisfies the inequality
Ap (o),
6Py aysyay)(©) 27 DBUlyals+iys1s+1y15+1y,153 (€), s#1;

DBy a1 41y 145+ 19 4y 145 1y 1Sy 15Ty, 10y, 153 (€, 4 # 15
(4.63)

for all y,, y3,v2, v, € K and all ¢ > 0. Then there exists a unique additive function
A : K - L such that
( Asp(c),
9
1,1

ASB||3/||S(8+4—5+3—S) (o), (4.64)

4|10—109|

A 58IyI4S (C),

4]/10-10%$|

Epy()-a()(€) 2

forally € Kandall c > 0.
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Proof: Let us setting
Ap(c),

Ay, v yay:(€) = {1 Da0lya1s+lys IS+1y 15+ 1y 1535

Aﬁ{lly4 (N REAN AR (),

Ail(C),

@p

forally € Kand all c > 0. Then

A c
wil{||w§,y4||5+||w§,y3||5+||w§,y2||5+||wi,y1||5}( )
b

}(C),

A1 1 1 1 a)l c) =1
w—lwbh:wby&wbhwbh( b )
b

A
mi,{||a)§,y4||S||w£,yg||S||w§,y2||S||w§,yl||S
b

> lasl - oo,

={>1asl > oo,
- 1lasl— oo,
Then (4.62) holds. Now,
( Ag(c),
A S(apd, 1 (C),
B —_—
K30 = 4 e
AB||y"4-S(C),

4104
[ Ag(wpte),

A wplc),
A% (w5'c) = | ‘*—( o)

wb Agyyyts (a)glc),
L ofs
AB ((1);16'),
Ay (wpte) =4 Agiyis(wp'c),
@b

Agiyps(wp°e),
(4.65) can be rewritten as

1-L
Ep,n)-a) (56) Z A5 (Ll—b C)
Case:1L=10"1for s=1ifb =0,

1-1
Epy -4 (56) 2 Ay ( b C)
Lf1—1071
= Ay (10—1)1—0 ¢
: = A%(9¢)
Epy(»)-AW) (5 C) = 45()
Case:2L =10 for s=0ifb =1,

1-L
aPa(y)—A(y)(SC) = Agl/ (Ll—b C)
1
_AQ 101

y ( 1 )1—1
1071

= A%((1—-10)c)

5
EPa)-40) (—50) = A3(0)
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Case:3L=105"1fors < 1if b =0,

h'Pa(y) A(Y)(SC) = ﬁ||y||5(g+_ _) <L1 b

10°

EPa(Y)—A(Y) <10 —10S

1L)
c

4

o 1-10°"
Aﬁ’llylls(8+—+ 35) \ (105—1)1-0

4

. 10 — 10°
Aﬁnyus( +a5+as) 105 ¢

4

SC) BIIyIIS(8+—+ )( C)

4

Case:4L = 1_1
10

b=1,

1
1 - 105—1

= a
=Pa(¥)-A(¥) (SC) = AB"}’"S(S‘F%*’%) 1 -1 €
(105 1)

4

_a 105 —-10
A[i’llylls(8+4s+35) 108 ¢

10° ’

EP()-40) <—10s 50) N (o) ()

4

|fb—0

1-1L
“Pa(y) A(y)(sc) = B||y||4S<L1 b C)
04-5 1
Aﬁuyu‘*s (W C)
10 — 10%S
Aﬁuyu“ 104s ¢

1045
EPa)-40) <—10 —1o% 5C> =A

——fors >—|f b=1,

Case:5L = 10%~1fors <7

a
Bllyll4s( C)
4

Casei6L =

1—-L
“Pa(y) A(y)(sc) = /3||yu45(L1 b C)

1
1-—=
104s-1

— a
- ABuyu“S 1 1-1
4
(1045—1)

a 10% - 10
= Aﬁllyll‘“ 104s ¢

a
siyits (€)
4

- 1045
:‘Pa(y)_A(Y) (104-5_10 SC) = A

Hence the proof is complete.

Theorem 4.11. Let £, : K — L be an even mapping for which there exists a function

A : K* - D*with the condition
21 —

}L‘E‘o Awﬁlt4 w t3a)b trwilt, (wb C) =1

where w, = 10ifb=0and wp = 1—0 if b = 1 such that the functional inequality with

(4.65)
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EGPq(Y4'3’3'3’2'Y1)(C) = AY4'3/3;3/2;3/1 (©) (466)
forall y,, y3,v,,y1 € K and all ¢ > 0. If there exists L = L(b) such that the function
A% (€) = A5(0)
has the property °
a 2y(oubzc) = A} (L%c) (4.67)
forall y € K and all ¢ > 0. Then, there exists a unique Quadratic functionQ : K — L
satisfying the functional equation (1.8) and

Eon-ry (op 12c) > A%(c) (4.68)
holds for all y € K and all ¢ > 0.

Proof: Consider the set H = {h/h : K — L, h(0) = 0} and introduce the generalized
metric on H by

d(hy, hy) = inf{K € (0,00) : Ej,, ()-n,n (Kc) = Al (c),y € K,c > 0}
It is easy to see that (H, d) is complete. Define G : H —» H by

1
Ghi(y) = —2h1(w12)3’)
W
forally €e Kandall c > 0. Now hy,h, € H,
d(hy, hy) < K = Ep (y)-n,(y) (KC) 2 A';,(c),y EKandc >0

-
==

C
q
L2 1(wb}’)——h2(wby) <K ) = A (C) yEK andc >0

HGhl(y)_Ghz(y)(KLc) > A y(€),yEKandc>0
d(Ghy, Ghy) < KL
This implies d(Ghy,Gh,) < wid(hy, hy), forall hy,h, € H.

i.e., G is a strictly contractive mapping on H with Lipschitz constant L = wif,

It follows that (4.40), we acqire
Erqaoy)_, . (120) > AS(10%¢) (4.69)

—Pq(¥)
102 q
forall y € K and all ¢ > 0. Using (4.67) for the case b = 0 it reduces to

E6py(y)-py)(12€) 2 AJ ()

forally € Kandall ¢ > 0.
d(GP,P) <L=1L'<o (4.70)
Substituting y by ly—o in (4.40), we achieve

q
Zpg)-102py 2 (12€) 2 A5 (€)

forall y € K and all ¢ > 0. Using (4.67) for the case b = 1 it reduces to
Epy)-6pay) (12€) 2 A(€)
forally € K and all c > 0.

d(P,GP)<1=1"<o (4.71)
From (4.70) and (4.71), we achieve
d(P,,GPy) < L*° (4.72)

Therefore, in both cases B2(i) holds.
By B2(ii), it follows that there exists a fixed point Q of G in H such that
Eom(0) = llm NE, Wl y)(c) (4.73)

- 20
@p

forally e K and all c > 0. In order to prove Q : K — L is Quadratic, we are replacing (y4, Y3, V2, V1)
by (wZ'ys, wilys, wily,, wily, )in(4.66), It follows from (4.65) and (4.73), we acquire Qsatisfies (1.8).
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By B2(iii), Q is the unique fixed point of G inthe set A= {P, € C : d(P;, 4) < =},
Usingthe fixed point alternative result A is the unique function such that
Epyn-a0) (12K¢) = A7 (c)
forall y € K and all ¢ > 0. Again by B2(iv), we obtain
1
d(Pq' Q) = Ed(Pq' GPq)
which implies
Ll—b
d(Pp,Q) <
Hence, we conclude that
1-b
ol q
Epym-0 \ T2 1ZC> Z Ay(c)

forall y € K and all ¢ > 0. This completes the proof of the theorem.
The following corollary is an immediate consequence of Theorem 4.11 concerning the stability of (1.8).

Corollary 4.12. Let 8 and s be nonnegative real numbers. Let an even function
P, : K — L Satisfies the inequality

Ap(0),
Py yays 2y (€) 21 DBy +Iys IS+ 1541y, (€), S #2;
DBy a1 + 1y 145 1y 1S +ly1 15+ 1y 151y 150y 11y 153 (€ 4s # 2;

(4.74)
for all y,, y3,v2,v, € K and all ¢ > 0. Then there exists a unique Quadratic function
Q : K — Lsuch that
A12p(c),
99
— A S(25 (C),
By -0 (©) 2 { (4.75)
A 2BlyI1%S (C),

|[10-10%S]

forally € Kandall ¢ > 0.
Proof: The proof is similar to the Corollary 4.10.

Theorem 4.13. Let P : K — L be a mapping for which there exists a function
A : K* - D*with the condition (4.54) and (4.65) where w;,, = 10 if b = 0 and

wy, = —Lif b = 1 such that the functional inequality with
10

EGPq(y4.y3.yz.y1)(C) = Ay4.y3.yz,y1(c) (4.76)
for all y,, y3,v,,y1 € K and all ¢ > 0. If there exists L = L(b) has the properties (4.56)
and (4.67) , then there exists unique additive function A : K — L a unique quadratic

function Q : K — L satisfying the functional equation (1.8) and
L1—b

Ea)-0)-p) (- 34¢) 2 T (T (A%(c). A%, (), T (A‘;(c),A‘iy(c))) 4.77)
holds for all y € K and all ¢ > 0.

Proof. Let P,(y) = w. forall y € K. ThenP,(0) = 0 and P,(—y) = —P,(y) for
all y € K. Hence

EGPa(y4,y3,y2,y1) (ZC) =T (AY4,3/3,J’2.J’1 (C)’ A—J’4;—3’3’—3’2’—3’1 (C)) (4'78)

forall y,, y3,v2,v: € K and all ¢ > 0. By Theorem 4.9, we have
L~

B 4)—Pa(y) (I_Lb 10c) >T (A‘;(c),Aﬁy(c)) (4.79)
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forall y € K andall ¢ > 0.
Also, let F,(y) = w forall y € K. Then P,(0) = 0 and P(—y) = P(y) for
all y € K. Hence

EGPq(y4.y3.yz.y1)(2C) =T (Ay4,y3,yz,y1 (C)'A—y@—ya,—yz,—h (C)) (4.80)
for all y,, y3,v,,y1 € K and all c > 0. By Theorem 4.11, we have
1-b
Eoi-pan (o= 24¢) = T (A% (c), A%, (0)) (4.81)
forall y € K and all ¢ > 0. Define
P(y) =FR() +F®) (4.82)
forall y € K. From (4.79), (4.81) and (4.82), we arrive

Ll—b 1-b
EAm-0w)-P() <—1 1 34C> = A -0 ~Pa()~Pq() <—1 "y 340)

Ll—b Ll—b
2T Eam)-ra») <m 10C>' EQ()-Py) <m 24C>

> 7 (7 (450,42, ). T (43(0).0%,©)))
forall y € K and all ¢ > 0. Hence the theorem is proved.
Using corollaries 4.10 and 4.12, we have the following corollary concerning the stability of (1.8).

N——

Corollary 4.14. Let g and [ be nonnegative real numbers. Let a function P : K — L
satisfies the inequality

Ap(0),
E6P(rayy2y) (€) = 1 DBUlyals+Iys 1 +1y15+1y,153(€), s #1,2;
AUy, IS +1y515+ 1y ISy 15+ 1513 15119115 (€, 4s # 1,25
(4.83)
for all y,, y3,v,,y1 € K and all ¢ > 0. Then there exists a unique additive function
A : K - L and a unique quadratic function Q : K — L such that
Asgp  12p(c),
ot
A 1,1 (C),
- 5(8+—5+-5 s
Eam)-e)-pe)(17¢) = 3“Y"S< £|10‘*_5103s$|)+|2122_1+01225)|> (4.84)

5 L2 )(C);

4]10-10%5] ' [10-10%5|

Aﬁuyu‘“(

forally € Kandall ¢ > 0.
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