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Abstract: Stratified Ranked Set Sampling (SRSS) merges the benefits of
stratification and Ranked Set Sampling (RSS) to yield an unbiased
estimate of the population mean, with potential improvements in
efficiency. This paper introduces modified ratio estimators for
determining the mean of a finite population, using the first and third
quartiles as supplementary information within the SRSS design. Results
indicate that these estimators perform better compared to those based on
Stratified Simple Random Sampling (StSRS). Expressions for bias and
mean squared error (MSE) are derived for the proposed estimators.
Theoretical analysis suggests that, under certain conditions, these
estimators are more efficient than those used in StSRS and some existing
SRSS methods.
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1. Introduction

Ranked Set Sampling (RSS) is a powerful statistical sampling technique introduced by Mclintyre (1952)
to improve the efficiency of estimators, particularly in scenarios where measurement is expensive or
time-consuming, but ranking of units is relatively easy and inexpensive. Unlike Simple Random
Sampling (SRS), RSS incorporates prior information about the population through ranking, enabling
more informative and cost-effective sampling.

In RSS, multiple sets of units are randomly selected from the population, and within each set, units are
ranked based on expert judgment, visual inspection, or some auxiliary variable. A representative unit
from each ranked position is then measured, resulting in a sample that better reflects the distribution of
the population. This method has been shown to produce more efficient estimators of population
parameters such as the mean, variance, and proportion, compared to traditional sampling methods.

In ranked set sampling (RSS) the researcher first selects m? units from a specified population and these
units are then distributed into m sets each of size m. Then, the researcher ranked the units within each
set with some expert judgment. The smallest judged unit from the first set, the second smallest judged
unit form the second set, the process continues until largest unit selected from the last set. Finally, m
samples are selected for actual observation (Mclyntyre, 1951). In order to get more efficient estimators,
and to make the RSS more applicable, it is modified by many researchers (Khan et al., 2020; Khan et
al., 2022; Khan, Ismail and Noor-ul-Amin, 2022).

Researcher used various sampling method for selection of representative samples from population (Haq
et al., 2024; Khan et al., 2024; Khan et al., 2024a; Cheema et al., 2024; Khan, Haqg and Ali, 2022 ).
While, the RSS method is better for costly survey/experiment to select the representative sample form
the population Khan, Asadullah and Ali (2022). The RSS method is extended to stratified RSS by
Samawi (1996). In StRSS, the population of size N is divided into L mutually exclusive and collectively
exhaustive group (strata) of N1, N2, Na,.....N_ units, such that N1+ N2 +Ns+....+N_=N. Then, a sample
is drawn from each stratum by using RSS technique. The sample size within the strata are denoted by
N1, Nz ,Ns....ng respectively. Sample size is as follows, =Yk _, ny, =Yk_, rm,=rm, where, “r”” is number
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of cycles, my, is number of selected units in each stratum and “m” is number of selected units in each
cycle.

The efficiency of estimator can be further improv by utilizing the auxiliary information. The variable of
auxiliary information is called bench mark variable or auxiliary variable. While, the variable under
consideration is referred to variable under study or variable of interest. For example, a researcher is
interested in the total wheat production of the specific area for a given year. He may take the area under
cultivation which is positively correlated to wheat production as auxiliary variable. The auxiliary
variable must be correlated to variable of interest, if it is used for improvement in efficiency of the
estimator. The ratio estimator is suitable method of estimation if the variable of interested and auxiliary
variable has positive correlation (Cochran, 1977).

The ratio estimator under StRSS is investigated by Samawi and Saim (2003). The proposed estimator is
then compared with existed estimators based on stratified simple random sampling (StSRS). Another
ratio estimator under StRSS is proposed by Mandowara and Mehta (2014). Co-efficient of variation and
coefficient of kurtosis are used as auxiliary variables in their proposed ratio estimator. Further, the
proposed estimator is compared with some existent estimators. Khan, Shabbir and Gupta (2016)
produced ratio estimators under ranked set sampling by using coefficient of correlation, coefficient of
kurtosis and quartiles as auxiliary variable. Khan, Shabbir and Kalider (2016) presented ratio estimators
under stratified ranked set sampling. They used coefficient of correlation, coefficient of variation and
coefficient of kurtosis as auxiliary variables. Khan and Shabbir (2016a) presented ratio estimators under
stratified double ranked set sampling. They used coefficient of variation and coefficient of kurtosis as
auxiliary variables. Saini and Kumar (2019) introduced ratio estimators under stratified ranked set
sampling. They use first and third quartiles as auxiliary variables in their proposed ratio estimators.
Further they compared the proposed estimator with some existed estimators. Ahmad and Shabbir (2019)
introduced new technique in StRSS, called stratified extreme-cum-median ranked set sampling. They
proposed estimator by procedure which is the combination of stratified extreme ranked set sampling
(StrERSS) and stratified median ranked set sampling (StrMRSS) called stratified extreme median
ranked set sampling (StEMRSS). Further they compared the proposed estimator with existing estimator
based on (StERSS) and (StMRSS). Khan and Ismail (2019) introduced ratio estimator under RSS using
the known population parameter of auxiliary variable. The estimator performs better than its counterpart
estimator subject to some conditions. Cetin and Koyuncu (2020) provided ratio estimators under
stratified ranked set sampling. They used coefficient of variation and coefficient of kurtosis as auxiliary
variables. Bhushan et al. (2022) introduced combined and separate difference and ratio type estimators
of population mean under StRSS. Their study identified several well-known estimators as the sub-class
of the proposed estimator.

2. Some Existing Estimators

Mandowara and Mehta (2014) suggested few ratio estimators under StRSS. They used population
coefficient of variation in the first estimator, coefficient of kurtosis in the second estimator as auxiliary
variable. Whereas in the third estimator they used both coefficient of variation and kurtosis as auxiliary
variable. And in the fourth estimator, they used coefficient of kurtosis and coefficient of variation as
auxiliary variable. The estimator is as follows;

L
D W, (X, + C.)
ystrMM 1 = V(StRSS) I_h:1

ZWh (Yh(rss) + th )
h=1

The Bais and MSE of the estimator is as follows,

- 3 L W 2 2{2 Sth %SXh ' L W 2 m I Ty
Bias (ystrMM 1) =Y {Z : { ;ZZ - )ZY_V oD D n_ /121 (th(i)z ! th(i)yh(i)
h=1 h i=1 i=1

h=1 nh nh
9 \ th 2 2,2 @2 2 MY 2
MSE(ystrMMl) = h:ln_h (S yw T R°A 1S X _ZRﬂlsxhyh)_Y n_h = (Dyh(i) _ﬂlDXnm)
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N : . : Lo .
Where, W, =Wh' N, is the n" stratum size, N is the total population size. Hy iy and gy is the

mean of i order statistics for X and Y respectively. D, == (tqq ~Xy), D, =ty = Vo),

DXh(i)Yh(i) = (i) = X )ty gy = i) -

Similarly, the second estimator is as follows,

L
>W, (Xh +ﬂ2h(x))
ystrMM 2 :y(StRSS) I.hi:L

th (ih(rss) + Lo (X))

The bias and MSE of the proposed estimator is derived as below;

_ B | W2 A2 SZ /11Sx L \W.2 m iy h
BIaS (ystrMM 2) :Y {Z nh { ;2 hyh Z h ZZZZ(DXh(i)Z _ﬂ?z th(i)yh(i)
h=t Ty = n, i=1 i=1

h Ny

= LW, 2 —,m
MSE(yStrMM 2) = Zn_h|:(82yh + Rzizzsth - ZR;{?SXth ) _Y ’ n_Z(DYh(i) _ﬂ?DXh(i) )2:|
h

h=1 h i=1
The third estimators is as under,

L —_—
YW, (X84 (x)+C, )
ystrMM 3 :y(StRSS) L

hZ_;Wh (Yh(rss)ﬁzh (x)+ th )

The bias and MSE is derived as below;

_ B | W2 yZSZh }, S L \W.2 m I h
Bias (ystrMM 3) =Y l:z nh { 1%2 - ! Z h 7122(th(i)2 _712 th(i)yh(i)
h=1 'y h i=1 i=1

h=1 nh

L

_ W, ?
MSE(ystrMMS):Zn_h|:(SZ R271282 _2R71 Z( Yoy 71 xh(,))}
h

h=1 h i=1
The fourth estimator is as follows,

L —_—
th ( XyCy, + Ba (X))
Vauran s =Y sirss) | T

;Wﬁ (Kh(rss)cxh + ﬂZh (X))

The bias and MSE of this estimator is derived as below;

o ASW2 7S 7S | W,
BIaS (ystrMM 4) :Y {Z " { 2_2 - 2__y _Z ZZ( Xh(i) 7/22 Xn(i)Yn(i)
“~n | X XY

b= Ny

= LW, ?
MSE(ystrMM4):Z " |:(S2 }/2 S Xp 2R7/2 Z( Yhi) 7/2 Xh(l)) :|

h i=1
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SWX, SWX, WX, 5, (1)
Where, 1 =—" , A= Ay = ,
2 W, (X, +C,) 2 W, (X + 8 () ;vvh(xxﬂzh<x)+cxh)
ivvhihcxh
14: - h=1
hz;wh ()thxh + Pan (X))

In the present paper, a ratio estimator under StRSS is proposed which is more efficient than some of
their counterpart ratio estimators.

3. Proposed Estimator

Motivated from Mandowra and Mehta (2014) we proposed ratio type estimator under stratified ranked

set sampling. We use the first and third quartile as an auxiliary variable in our proposed estimator. The
proposed estimator is as follows;

zwh(ih +qn)

7 —x7 h=1
ystrss _y(StRSS) L

th (Yh(rss) + qn)
h=1

Where, n=1, 3. To derive the Bias and MSE of the proposed estimator, we process as follows,
Vistrss) = =Y (1+e o) Xasey =Y (L+€,), E(&,) = E(e) =0

cor-g]% mgo

ht Ny )
L m 1}
Xth
E(e e Z |: o n Z th(i)yh(i):|
h=1 h oi=1l
L W 2
E(e) Z " |: N/ __z Yh(.):|
h=1 h i=1

The proposed estimator can be written as under,
L [—
1 ;Wh (x h + qn)

1446 < o
n th (Xh(rss) +qn)
h=1

L L _
th (ih(rss) + qn) - ZWh (Xh - qn)
i el _ h=l h=1

n

ZWh(Xh +qn)

h=1
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L
W, (X, 1) — X _
/1 =§ h( h(rss) h) Xh
n L _ = Y
W, (X, +q) e =
h=1

ZL:W X
Ay = L =
ZWh(Xh_'_qn)

h=1
The bias of our proposed estimator is derived as below

Bias (Ygs) = E(Vys) =Y
Here,

Yors = Y_(l"' eo)(1+ ﬂ’nel)71

Neglecting the terms of higher order,

Yors = Y_(l"' eo)(l_ A8+ ln2e12)

Vs —Y =Ye,—Y A6, —-Y A 6.8, +Y 16’
Taking expectation on both sides,

E (ystrs _Y_) = Y_E (eo) - Y_ﬂ“n E (el) _Y_j’n E (eOel) + Y_/?“nz E (912)

Th

o = W2IS,, m W2 S m
Bias (ySUS):_Y Z nh [—hyh__szhmyhm}rYlnzz_h ?__ thu)
h=1 Tl

XY N, = h=1 N n, =
_ L W 2 12 SZ /I SZ L W m I I
Bias (V,,s)Y h A Wh LN R A2 Y DY -4 > D
(ystrs) [; nh { X2 XY hz; nh n n; Xh (i) ”; Xn (i) Yn(i)

The MSE of our proposed estimator is derived as below
E(ystrs _Y_)2 = E(Y_eo _Y_ﬂ'nel)z
MSE(Yyis) = E(Vars —Y)* =Y {E(&,°) + 4, ZE(eZ)—M E(ese)}
_ 2 g2 L
MSE (Vaus) =Y2[ZW“ (- ZDZW)HAZ Vx - ZD%) 22, n“ G - - myo y)}

2
h=1 Ny Y n, = h=1 Ny hoi=l h=1 1l h i<

MSE(y )—i\’v—hz{(s2 +R2A%S2 —2RAS YZmZ( )Z}
ystrS - Yh n n xy )’h(|) " Xh(l)

h=1 'l h i=1
Efficiency Comparison with Kadilar and Cingi (2003),

MSE ystr S = MSE ystr SD

2
iw—h{(syfm%fs 2 ZRAHS”) Y? mZ(D 0~ Dy )’ }Z (s +R2A7S, ? ZRAISW)

b Ny N, = b= My

Rz/lnzsxh2 - RzﬂfSXhz —2RA.S,, +2RAS, , -Y 2 Z(Dy i)~ Dy (,)) <0

h i=1

R’S, *(Ay + A1)l —4) = 2RS, (A~ A)— YZmZ(Dy(, 3D, )} <0

h i=1
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RS, (4, + 4) (4, ~A4)~2RS, , (4, ~ ) YZmZ(Dy(.) 2D, )} <0

h i=1

(4, —%)[stxhz(ﬂvn +4)-2RS, | ] —ve 2 Z(D —2,D, )" <0

h i=1

A <0

Where,
m

A= (A -A)[R’S *(4,+4)-2RS, |-V — Z(Dy i — 4Dy )’
h i=1

Efficiency Comparison with Second Estimator of Kadilar and Cingi (2003),

MSE ystr S S MSE ystr SK2

L WZ L

> (Syh2+R2/1nZS 2 2R/1nSXy) Z(DW D) Z (s 24 R2A)} th2—2%5xhyh)
h=1 nh h i=1 h=1

m
R*A.’S, *—R*4,S, *~2RAS,  +2RAS,  -Y*— Z(Dy i)~ ADy ) <0

h i=1
m
R S (ﬂ“ +j’2)(ﬂ“ 12) ZRthyh(ﬂ“ 2’2) Y2 Z(Dyh(n n xh(|)) —O
h i=1
R?S, (A, + A) (A~ 4)~2RS, | (A~ 25) -V mZ(Dyh(,) ~3,D, ) <0
h i=1
—> M
(4~ 4| R’S,* (4, +4,)-2RS,  |-Y S (B~ Dy ) <
h i=1
A <0
where,
m
A= (A= 4)|R’S, *(4, +4)-2RS,  |-V*— Z(Dy i~ 4Dy )
h i=1
Efficiency Comparison with Upadhyaya and Singh (1999),
MSE ystr S < MSE ystr us1
L 2 L
Zv::_h|:(syn2+Rzﬂ’ﬂ S ’ ZRJ'HSXY ) Y2 = Z(DY (Ol "DXh(i)) :| Z (S +R27/125 ’ ZRylsthn)
h=1 1 h i=1 h=1

R?Z,7S, 2 RS, 2 ~2RA,S

Xh Yn

72 M 2
+2R7/13thh -Y n_Z(Dyh(i)_/ianh(i)) <0

h i=1

RS (ﬂ“ +71)(/1 }/1) ZRSxy(ﬂ“ }/1) Ysz(Dyo) n X(I)) <O

h i=1

R?S, (4, +7,) (% —7)~2RS, , (A, ~7,) - Y““Z(Dy(.) 2D, )? <0

h i=1

(o~ 1)[R?S, 204 +7)-2RS, , |- YZmZ(D =D, )’ <0

h i=1
A <0,
where,
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m
A?,: (ﬁ’n_yl)[RZthz(ﬂ’n+71)_2Rsxhy :' Y2 Z(Dy (i) ﬂ“anh(i))Z
h i=1
Efficiency Comparison with second estimator by Upadhyaya and Singh (1999),
MSE ystr S < MSE ystr us2

2
ivx—:{(syjm%nzs *~2RAS, )~ Ysz(Dyh(,) th)} i (s ?+R%y,’S,—2Ry,S, )

h=1 h i=1 h=1

m
R24,%S, 2~ R%,%S, * ~2RA,S, , +2Ry,S,, ~V*— Z(Dy(,) D, )} <0

Xp N~ %, Yy
h i=1
m
R S (/1 +72)(ﬂ“ 72) 2RS><y (/1 72) YZ Z(Dy (i) 2’ D |)) <0
h i=1

m
R’S, *(4, +7,)(4 —7,)—2RS, , (A, =7,)-Y* — Z(Dy(.) 42Dy )" <0

h i=1
2m
(A= 72)[ R’S,*(4 +7,) - 2RS, |-V Zl<Dy(.) 2D, ) <
h 1=
A, <0
where,
m
A= (4 -1,)[R*S (4, +7,)-2RS, |-V — (D, ¢y~ 4D, )’
h i=1

Efficiency Comparison of MSE Y., and MSE Y.\
MSE ystr S <MSE ystr MM1

Lth 2 2 2 2 72m Q 2 LWh2 2 292 2 72m Q 2
er] (Syn +R°4, an —ZRAHSM)—Y *Z(Dyh(i)_’lanm)) SZ* (Syh +R j'lsxn _ZRASM)_Y *Z(DyMi)_’ileh(i))

m m
R?4,°S,?—R°4’S, *—2RA,S,  +2RAS,, <Y’— zl:(Dy i =D, ) =Y’ — Zl(Dyh(,) 4D, i)’
h 1= h =
R*S, *(4, + A)(4, —4)—2RS, , (4, /11)<Y2 [D ?+4/D,?-2D, A,D, -D,*-4’D,*+2D, AD, |

h

R’S, * (A, + A) (A —A4)—2RS, (4, —A)<V? nm[Dxf(ﬁn +4)(4 —4) 2D, D, (4, 4) ]
20 2 72 M 2
—A)[ RS, *(Jp + 4)—2RS,  |<V n—h[DXh (4 +4)—2D, D, (4, —4)

—.m —> M
R?S, (4, +4)—2RS,  ~Y? — D, *(4,+4) <2(RS,, —Y* —D,D,)
h

h

(o +A)(R?S, 2 ~V? D, %) <2(Rs,, —~Y>LD, D,)
h n h hY n

h h

(/1n +ﬂl)(RZSX 2 -Y e Dx 2)
h nh h
<1

2RS,, -V’ "D, D,)

h
A <1,
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(4, +4)(R?S, > =¥ Zr’]“DXf)
h

where, A= —
2(RS, , -Y?* o D, D,)

h

Efficiency Comparison of MSE Y. and MSE Y,
MSE Vstr S < MSE ystr MM2

L L

> {(S +RIA'S,T-2RAS, , )= Y””Z(Dy =D, (.»} an—“{(syﬁRzﬂfsxf—zmasxh )7 50,0 @Dw)}
h

h=1 h=1 h h i=1
2,20 2 p2g2c 2 52 MY 72 M
R i" th -R ﬂ? th _ZRE”SXh)’h +2Rﬂ?sxhyh <Y n_ - (DYh(i) Xh(')) -y ZI(DYn(' ﬂQDXh('))
h 1= h i
R®S, *(4, +4,)(4, —4) —2RS, , (4, —4,) s?znm[oyhz +4°D,”-2D, 4,D, —D, *~4,’D,*+2D, 4,D, |

h

R’S, *(4, + 4,)(4, —4)—2RS, , (4, —4,) <Y’ nm[DXhz(ln +2,)(A — %) ~2D, D, (4,~4,) |
(4~ )[R, *(4, +2,)~2RS, , |<V? nm[thz(;tn +2,)-2D, D, |(4,~4,)

RS, 2(4,+4,)—2RS, , —Y? nﬂ D, *(4, +4) < 2(RS,, ~Y? nm D, D,)

h h
o+ )RS, 272 D, 5y <ors,, 72D, D,)
h nh h hYh nh h h
(4, +A)(R’S 2 Y2 ' D 2)
: N - <1

2Rs,, ~¥* 7D, D,)

h
A <1
Where,

(+ )RS, -V 7D, )
h

5~ -2 M
2(RS,, ~Y* =D, D,)
hYh nh h h

Efficiency Comparison with of MSE Y., and MSE V. \ims
MSE ystr S <MSE ystr MM3

L WZ _ "h — T
Z*“{(S +R°4,°S, Z—ZRAHSW) an*n:;(Dym) "Dy )’ }<Z {( +R2y123xh2_ZRylsxhyh)_anm (Dyh(i)_Vleh(i))z}

h=1 nh h=1 h

2,20 2 2 20 2 72 -2 M
R4S, " —R/'S, " —2RAS,  +2RyS, <Y Z(Dy M~ xho)) -Y Z(Dy ! x(.))

nh i=l h i=1

A+ ), = 7) - 2RS, | (4, }/1)<Y2 [D ?+1,D,*~2D, 4D, -D,* —ylzDXh2+2Dyh}/leh]
RS, (2, + 7l 1) ~2RS,,, (=) V7 2D, *(4 +7)(4, ~72) 2D, D, (4, =7 |
h

—, M
(%= 1)|[R'S,* (2 +1) = 2RS,, |<V? =[ D, *(4,+7)-2D,D, |(4,~1)

h
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R’S, (4, +7,) ~2RS,, ~¥* D, *(4, +7) <2RS,, ~Y* 1D, D)

h h

(A +7)(R?S, 2 -V? D ?)<2(Rs,, V> 2D, D,)
h nh h hYh nh h h
(ﬂ’n +71)(stxh2 _Y_2 m thz)
My <1
—> m
2RS,,, ~V* "D, D,)

h
A <1
Where,
(,+7)(R’S,*=V* D, ?)
A= i
2(RS,, -V? "D, D, )
hYh nh h h
Efficiency Comparison of MSE Y. and MSE V. via s

MSE ystr S - MSE ystr MM4

LW, 2 W
Zih{(s 2+R?A,%S, 2 2Rinsxm) _y? mZ(Dym) ﬂth))} " {(S 2+R%,’S, ? = 2Ry,S xm) nmz n(')_yszh(i))2:|
h=1 h =1

h=1 nh h i=1

R?4,’S, 2—R%,’S ?—2RAS, , +2Ry,S, <Y’— Z(Dyh 4D, )2 -Y? mZ(Dyh(,) 72D, i)’
h i=1 h i=1

R®S, *(4, +7,)(4, —7,) —2RS, , (4, ;/2)<Y2 [D ?+4,°D,”-2D, 4D, -D,*~7,’D,*+2D, ,D, |

RS, (2 + 7,00 =72) = 2RS,., (2 =7,) <V* 2D, (4 +7,)(hy ~7,) = 2D, D, (4 =7,)
h

—> M
(4 -7)[R’S,* (4, +y2)—2Rsxhyh]svzn—[Dxf(ﬂn +7,)=2D, D, (4, —7,)

RS, *(4, +7,)—2RS, , - —D (4 +7,) <2(RS, , - —D D,)
h
(/1n+y2)(RZSX2—Y2 D, 9)<2(Rs,, —-¥*p D,)
" h nh
(4 +7,)(R?S,?-V? ' ?)
h nh h
<1
2(RS,, -V’ "D, D, )
hYh nh h h
A <1
Where,

(h+7)(R'S, V" D, )
h

5~ -2 M
2(RS,, ~Y?— D, D,)
hYh n h h

h

4. Conclusion

We proposed new ratio-type estimators for StRSS and obtained their bias and MSE. The MSE of our
proposed estimators is compared to Kadilar and Cingi (2003), Upadhyaya and Singh (1999), Mandowara
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and Mehta (2014). We found that the proposed estimator has smaller MSE than the corresponding
estimators under some conditions. Thus, it is concluded that the proposed ratio type estimator of the
population mean using stratified ranked set sampling is more efficient than some of the existing
estimators.
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